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Abstract
Observation of τ− → η(′)π−ντ decays at Belle-II would indicate either a manifesta-
tion of isospin symmetry breaking or genuine second class currents (SCC) effects. The
corresponding radiative τ− → η(′)π−ντγ decay channels are not suppressed by G-parity
considerations and may represent a serious background in searches of SCC in the for-
mer. We compute the observables associated to these radiative decays using Resonance
Chiral Lagrangians and conclude that vetoing photons with Eγ > 100 MeV should
get rid of this background in the Belle-II environment searching for the τ− → ηπ−ντ
channel. Similar considerations hold inconclusive for decays involving the η′ given the
theory uncertainties in the prediction of the τ− → η′π−ντ branching ratio. Still, addi-
tional kinematics-based cuts should be able to suppress this background in the η′ case
to a negligible level.
PACS numbers: 11.30.Er , 12.39.Fe, 12.40.Vv, 13.35.Dx
Keywords: Second class currents, semileptonic tau decays, chiral Lagrangians, vector me-
son dominance
1 Introduction
Searches for the tau lepton decays τ− → a−0 (980)ντ and τ− → b−1 (1235)ντ were suggested
long ago in ref. [1] as clean signatures of second-class currents (SCC) [2] 1. SCC are de-
fined as those having opposite G-parity to the weak currents in the standard model (SM).
1The other two SCC have the quantum numbers of the η/η′ and ω/φ mesons, respectively. Thus, in their
production via the charged weak current they need to come along with an associated π±.
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Since G ≡ CeiπI2 (with C the charge conjugation operator and Ii the generators of isospin
rotations), the above decay channels of τ leptons can be induced also by breaking of charge-
conjugation and/or isospin symmetry. Breaking of isospin symmetry [3] allows us to estimate
that branching fractions of G-parity suppressed channels are four orders of magnitude smaller
than similar decays that are allowed in the SM. The opposite G-parities of pions and η mesons
would yield a violation of this quantum number in η(′)π− production through the d¯γµu cur-
rent independently of the intermediate (resonance) dynamics 2. Therefore, the measurement
of τ− → π−η(′)ντ would be an unambiguous signature of SCC: either induced by isospin or
C-parity breaking (within the SM) or genuine (by beyond the SM currents). On the contrary,
the detection of τ− → b−1 (1235)ντ through the b−1 (1235) dominant decay products (ω(782)π,
where the ω decays in turn mostly to π+π−π0) must be indirect, since the intermediate ωπ
system could have been produced via a ρ(770) resonance (which is an ordinary first class
current process). Analyzing the angular distribution of the final-state pions allows to set an
upper bound of 1.4 · 10−4 on the SCC decay ωπ at the 90% confidence level [5], to be com-
pared with the measured rate of ∼ 2% for this process [4]. Theoretical expectations of SCC
contributions to this decay mode within the SM have been explored in Ref. [6], estimating
BR ∼ 2.5 · 10−5 based on spin-one meson dominance.
After unsuccessful searches of SCC in nuclear beta decays [7], there was a renewed in-
terest on this topic after the claim by the HRS collaboration [8] of having observed the
decay channel τ− → π−ηντ with a branching fraction of (5.1 ± 1.5)% [8], an unexpectedly
large rate. This result was followed by an effort of theorists to assess the size of this de-
cay [9], which led to O(10−6 − 10−5) for the branching ratio into the ηπ− channel (and
< 10−6 for the η′π− decay mode). Currently, the best upper limits available are based on
searches by the BaBar collaboration [10] corresponding to BR(τ− → π−ηντ ) < 9.9 × 10−5
and BR(τ− → π−η′ντ ) < 7.2 × 10−6 [11], which lie close to the estimates based on isospin
symmetry breaking for the BR(τ− → π−η(′)ν) decays [9, 12] 3. Future searches at superflavor
factories (like Belle-II) will hopefully provide us with the discovery of these channels [14]. In
view of this experimental improvement and since the discovery of genuine SCC would point
to the existence of new physics, it becomes interesting to revisit these tau lepton decays. For
this purpose it is very important to have a reliable theoretical estimate of the SM predic-
tion on these channels as well as of all possible physical backgrounds in experimental searches.
Along this line of research, two QCD based studies of the τ− → π−ηντ decays have been
published recently [15, 16] (also discussing the η′ channel in the latter reference). It is clear,
however, that both the errors on the mixings in the π0 − η − η′ system [17] and the uncer-
tainties of the parameters describing the dominant scalar form factor (obtained from a fit
to meson-meson scattering data [18] in ref. [16]) are currently limiting the accuracy of these
2Although ηπ− is the predominant decay mode of the a−0 (980) [4], this final-state di-meson system need
not be produced through an intermediate a−0 resonance.
3Belle reported slightly smaller branching ratio upper limits [13], BR < 7.3× 10−5(< 4.6× 10−6) for the
π−η(η′) decay channels, at 90% CL, in the 2009 Europhysics Conference on High Energy Physics.
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predictions. Still, τ− → π−ηντ decays are predicted with a branching fraction of ∼ 1× 10−5
(certainly at reach of even first-generation B-factories), while τ− → π−η′ντ decays are ex-
pected with a branching ratio of [10−7, 10−6] (which could even be challenging for Belle-II).
If SCC were not discovered in τ− → π−ηντ decays at first generation B-factories it was
due to the tough background present [19, 20]. That happened even though Belle undertook
a thorough programme to measure the main of these backgrounds to allow a data-driven
rejection of them in the search for SCC: τ → K−ηντ [21] (with the K misidentified as a π),
τ → ηπ−π0ντ [21] (failing to reconstruct the π0 from its two photon decay products) and
similarly τ → η(Kπ)−ντ [21], τ− → (4π)−ντ [22] (if the η meson in the SCC process is to
be detected through its 3-pion decays) and τ → π−γντ [23] (due to an additional photon
from elsewhere with a di-photon invariant mass around mη). Unfortunately τ → π−ντ (with
continuum γγ contributions) was not measured at the B-factories, and among the most fre-
quent tau decay modes: two [24] and three pion modes, the latter was measured at BaBar
[11] but not at Belle, being these decay channels also a difficult background to reject. In
parallel to this remarkable experimental effort, some of these decays have also been studied
recently [25, 26, 27, 28, 29, 30] aiming to reduce the associated uncertainties in the related
Monte-Carlo simulation [31, 32, 33]. A notable programme in this direction was also pursued
by the BaBar Collaboration [10, 11, 34].
In this article we study the related τ− → π−η(′)ντγ decays, which provide a physical
background for undetected photons. Since the non-radiative decay is very suppressed in the
SM owing to isospin breaking, photon radiation off external lines is further suppressed by at
least two orders of magnitude (O(α) suppression in the observables) 4. Instead, the model-
dependent contributions to this radiative decay (of order k in photon four-momentum [35])
are not suppressed by G parity considerations and involve only the effective γW ∗π−η(′) ver-
tex. Corresponding to an isospin breaking analysis (where effects due to mu 6= md and e 6= 0
have to be taken into account at the same order), we expect a similar rate for the G-parity
violating τ− → π−ηντ decays and for its radiative counterpart (with structure-dependent
contributions suppressed only by O(α) ∼ ǫ(0)πη =
√
3(md−mu)
4(ms−(mu+md)/2) ∼ 10−2). Another important
aspect to note is the fact that while inner bremsstrahlung (IB) contributions peak at low
photon energies, this is not the case for the model-dependent contributions we are interested
in. In fact, we will see that this should enable us to get rid of the radiative background by
cutting above certain reasonable photon energies 5.
Noticeably, refs. [15, 16] disagree in the presence of a characteristic signature of the ηπ
decay mode as a peak corresponding to the a0(980) state. While ref. [15] concludes that the
strength of this particular signal depends on the energy dependence of the relevant phaseshift
(and specifically on the energy at which it exhibits a dip), ref. [16] -on the contrary- concludes
4We check in appendix A that this is indeed the case using a reasonable threshold for photon detection.
5One cannot reject all photons since one of the preferred η detection modes is its two photon decay. Also
its decays involving π0’s need them to be detected by means of two-photon decays.
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that meson-meson scattering data require that any structure in the a0(980) resonance region
be weak enough to appear as buried in the continuum. Nevertheless, this last reference con-
cludes that a signature of scalar form factor contributions to the τ− → π−ηντ decays should
appear as a prominent sharp peak around the a0(1450) resonance, while basically no signal
is expected above the GeV according to Ref. [15]. In view of these contradictory predictions
it is therefore appropriate to discuss if the presence of τ− → π−ηγντ decays can be a relevant
background, particularly concerning the scalar resonance signatures, a feature to which we
will pay particular attention.
We carry out our computations in the framework of the Resonance Chiral Lagrangians
and compare our results to a simplified calculation based on a meson dominance model. To
the best of our knowledge, this decay has not been considered before in the literature. Our
results confirm the isospin breaking counting as radiative and non-radiative processes are
predicted with BR ∼ 10−5 for the πη case. However, a feasible cut (even at Belle-II) for
Eγ > 100 MeV allows to suppress this particular background enough to allow the possible
detection of SCC in τ− → π−ηντ decays. We will see, however, that this is not clear for the η′
case, where the theory uncertainties on BR(τ− → π−ηντ ) are large enough to cast doubts on
the need of a cut around 50 MeV to reject the radiative background. This cut does not seem
realistic for Belle-II because a lot of activity will appear in the electromagnetic calorimeter
at such low energies.
The paper is distributed as follows. We start deriving the expression for the matrix el-
ement of the τ− → π−ηγντ decays and splitting the model-(in)dependent contributions in
section 2. In the structure-dependent part we then deduce the basis of hadronic form factors
that will be used throughout the paper. In section 3 we consider a meson dominance model
to get a first prediction of these form factors and recall the phenomenological determination
of the relevant couplings. In section 4 we begin discussing how the Chiral Lagrangians are ex-
tended to include resonances so that they can be applied at ∼ 1 GeV energies, corresponding
to semileptonic tau decays, and give all relevant pieces of the Lagrangians that will be used
to obtain the hadronic matrix element of τ− → π−η(′)γντ decays. In this case a much larger
number of couplings emerges than in the meson dominance model. We will recap how some
of them can be fixed demanding that the Green functions and related form factors obtained
in the meson theory match their QCD counterparts obtained by doing the operator product
expansion. Still some of them need to be determined phenomenologically which does not ap-
pear possible to us for a number of them, on which we could only made an estimation based
on the scaling of the low-energy constants of the Chiral Lagrangian. In section 5 we use the
results in the two previous sections to examine the backgrounds that τ− → π−η(′)γντ decays
constitute in the search for SCC in the τ− → π−η(′)ντ decays. Finally, in section 6 we state
our conclusions and discuss the prospects for discovering SCC in the considered decays at
Belle-II. The analytical expressions for the one- and two-resonance mediated contributions
to the form factors in the Resonance Chiral Lagrangian formalism and the corresponding
energy-dependent resonance widths are included in the appendices.
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2 Matrix element and form factors
The τ− → π−η(′)γντ decays have a richer dynamics than their non-radiative counterpart (see
e. g. Refs. [15, 16]). In the SM both weak currents, vector and axial-vector, can contribute
to their decay amplitude. Since the final state is not a G-parity eigenstate, these decays
are not suppressed by isospin breaking/C-parity violation. As anticipated before, this decay
channel is only suppressed by the fine structure constant, and may be of similar magnitude
than the SCC channel. The radiative decay can pollute the non-radiative one if photons are
undetected (either low-energy photons which come mostly from IB and should not be an issue
since they are doubly suppressed by G-parity and α; or present in inclusive measurements,
where they can indeed become problematic if not properly cut above certain energy at which
they can already be isolated properly from continuum contributions).
We chose the following convention of four-momenta: τ−(P ) → π−(p)η(′)(p0)ν(p′)γ(k, ǫ).
Thus, the general form of the decay amplitude for this radiative decay is
M = eGFV
∗
ud√
2
ǫ∗µ
{
Hν(p0, p)
−2P · k u¯(p
′)γν(1− γ5)(Mτ + /P − /k)γµu(P )+
+(Vµν −Aµν)u¯(p′)γν(1− γ5)u(P )
}
. (1)
The first term refers to the photon emission off the tau lepton. We recall that Hµ =
Hµ(p0, p) is the hadronic current whose general form is
Hµ ≡ 〈η(′)π−|d¯γµu|0〉 = f+(t)
(
(p0 − p)µ − ∆
2
t
qµ
)
+ f0(t)
∆2
t
qµ , (2)
where ∆2 = m2
η(′)
−m2π, q = p0 + p is the momentum transfer and t = q2. With the above
parametrization one can identify f+(t) and f0(t) with the form factors associated to the
L = 1 and L = 0 waves of the η(′)π− system, respectively [15, 16]. Within the standard
theory, this decay can be induced by isospin breaking giving contributions to both L = 0, 1
waves. Genuine SCC (due, for example, to charged Higgs exchange) will contribute only to
L = 0 wave.
The hadronic Vµν and Aµν tensors in eq. (1) are associated to the effective vector and
axial-vector hadronic vertices with photon emission, shown in figure 1. The vector tensor can
be decomposed into a structure-independent (SI, which depends only upon the non-radiative
decay amplitude) and a structure dependent (SD) piece: Vµν = V
SI
µν +V
SD
µν . On the contrary,
Aµν receives only SD contributions.
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η
γ
Figure 1: Effective hadronic vertex (grey blob) that defines the Vµν and Aµν tensors.
The model-independent contribution to the effective hadronic vector vertex is given by
V SIµν =
pµ
p · kHν(p0, p+ k) +
[
f+(t
′)− ∆
2
t′
(f0(t
′)− f+(t′))
]
gµν
+
f+(t)− f+(t′)
(p0 + p) · k
[
(p0 − p)ν − ∆
2
t
qν
]
(p0 + p)µ
+
∆2
tt′
[
2(f0(t
′)− f+(t′)) + t
′
(p0 + p) · k (f0(t)− f0(t
′))
]
(p0 + p)µqν , (3)
where t′ = (p0 + p+ k)2 = t + 2(p0 + p) · k. It is easy to check that:
• The Ward identity kµV SIµν = Hν(p0, p) is satisfied. This ensures the current conservation
for the corresponding SI part of eq. (1).
• In the limit of equal hadron masses (∆ = 0), eq. (3) coincides with the SI part of
eq. (2.4) in ref. [37].
• Note that in τ− → π−π0γντ , it is justified to neglect ∆2/t terms [38]. This is not the
case for the τ− → π−η(′)γντ decays under study, because ∆2/t is not small in this case.
The first term in eq. (1) and the SI piece in eq. (3) furnish the Low’s amplitude with
terms up to O(k0). The SD terms, of O(k) in the decay amplitude, can be parametrized as
follows [36, 37]:
Vµν = v1(p.kgµν − pµkν) + v2 (gµνp0.k − p0µkν)
+v3(pµp0.k − p0µp.k)pν + v4(pµp0.k − p0µp.k)p0ν
Aµν = iεµνρσ (a1p
ρ
0k
σ + a2k
ρW σ) + iεµρστk
ρpσpτ0 (a3Wν + a4(p0 + k)ν) , (4)
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where W = P − p′ = p + p0 + k. These tensors depend upon four vector (vi) and four
axial-vector (ai) form factors, respectively; each one corresponding to coefficients of gauge-
invariant structures. This decomposition is not unique and the non-vanishing form factors
are determined by the specific theory input used to describe the π−η(′)γ weak vertex. The
Lorentz invariant form factors vi, ai depend upon three Lorentz scalars. We can choose them
as W 2, (W − p0)2 = (p + k)2 and (W − p)2 = (p0 + k)2 (or any other convenient set). In
writing the axial-vector part of the amplitude, the Schouten’s identity has been used.
Since the form factors describing the non-radiative decay τ− → π−ηντ are suppressed by
isospin breaking giving BR . 10−5, see above, we expect that Low’s amplitude contribution
to the rate of the radiative decay will be suppressed as ǫ2πηα (BR
′s . 10−7) 6. Thus, in the
following we will focus only in the SD contributions contained in eq. (4). In order to ascribe
some systematic error to our predictions we will start using a simple meson dominance model
whose results will be compared later on to those obtained from the more elaborated Reso-
nance Chiral Lagrangian approach.
3 Meson dominance model prediction
3.1 Framework
The vertex of our interest, shown in Figure 1, involves the interactions of mesons with the
weak and electromagnetic currents. In the Meson Dominance Model (MDM) one assumes
that the weak and electromagnetic couplings are dominated by the exchange of a few light
mesons (and their excitations). This approach is useful provided one is able to determine the
relevant couplings from other independent sources (data fitting or model assumptions). The
different contributions to the effective hadronic vertex in the MDM are depicted in figure 2.
The contribution of the a0(980) meson (and its excitation, with mass around 1450 MeV),
may produce a peak in the π−η invariant mass distribution which can mimic the effect of
SCCs (albeit we recall there is some disagreement in the predicted scalar resonance effects
according to different studies).
In MDM the structure of the vertices is more simple than the one obtained using Chiral
Lagrangians. The Feynman rules required for the calculations are (momenta are indicated
within parentheses; V , A, P , S stand for the vector, axial-vector, pseudoscalar and scalar
6This type of contributions can also be neglected in τ− → π−η′ντγ decays.
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Figure 2: Contributions to the effective weak vertex in the MDM model. The wavy line
denotes the photon.
mesons, respectively):
V ′µ(r)→ V α(s)P (t) : igV ′V P ǫµαρσsρtσ , (5)
V µ(r)→ γα(s)P (t) : igV Pγǫµαρσsρtσ , (6)
Aµ(r)→ V α(s)P (t) : igV AP (r · sgµα − rαsµ) , (7)
V µ(r)→ γα(s)S(t) : igV Sγ(r · sgµα − rαsµ) , (8)
S(r)→ P (s)P ′(t) : igSPP ′ . (9)
To simplify calculations, let us assume that:
• The contribution from the intermediate b1(1235) meson can be neglected given that
the b1 couplings to both possible contributing vertices are suppressed: BR(b1 → πγ) =
(1.6± 0.4) · 10−3 and, conservatively, BR(b1 → ρη) < 10% [4]. We will also follow this
hypothesis along the Chiral Lagrangian analysis in the next section.
• The contribution with the pion pole (last diagram in figure 2) is very suppressed because
the pion is far off its mass-shell. This approximation, on the contrary, can not be taken
using (Resonance) Chiral Lagrangians. We note that, as a result of this approach, all
MDM contributions are in fact mediated by two-resonance exchanges.
3.2 Form factors in the meson dominance model
The following contributions to the effective weak vertex are found (the superscripts denote
the ordering of diagrams in the right-hand side of figure 2), from left to right and from top
to bottom; we have used the following definition Hν = (V SDµν − Aµν)ǫ∗µ):
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Haν =
i
√
2m2ρ
gρ
gρ−ρ−ηgρ−π−γ
1
Dρ(W 2)
1
Dρ((p+ k)2)
εναρσ(p+ k)
ρpσ0ε
αµγδkγpδǫ
∗
µ , (10)
Hbν =
i
√
2m2ρ
gρ
gρ−ωπ−gωηγ
1
Dρ(W 2)
1
Dω((p0 + k)2)
εναρσ(p0 + k)
ρpσεαµγδkγp0δǫ
∗
µ , (11)
Hcν =
i
√
2m2a1
ga1
gρ0a−1 π−gρ
0ηγ ((p0 + k).Wgνα −Wα(p0 + k)ν)
× 1
Da1(W
2)Dρ((p0 + k)2)
εαµγδkγp0δǫ
∗
µ , (12)
Hdν =
i
√
2m2ρ
gρ
gρ−a−0 γga
−
0 π
−η (W.kgµν − kνWµ) ǫ∗µ
1
Dρ(W 2)Da0((p+ p0)
2)
. (13)
In the above expressions, we have defined DX(Q
2) as the denominator of the meson propaga-
tor, which may (or not) have an energy-dependent width; gX represents the weak couplings of
spin-one mesons, defined here as 〈X|Jµ|0〉 = i
√
2m2X/gXηµ (ηµ is the polarization four-vector
of meson X) and gXY Z denotes the trilinear coupling among mesons XY Z. The effects of
the ρ meson excitations can be taken into account through the following replacement
√
2m2ρ
gρ
1
Dρ(W 2)
→
√
2
gρππ
1
1 + βρ
[
BWρ(W
2) + βρBWρ′(W
2)
]
, (14)
where
BWρ(W
2) =
m2ρ
m2ρ −W 2 − imρΓρ(W 2)
, (15)
with BWρ(0) = 1 and βρ encodes the strength of the ρ
′ = ρ(1450) meson contribution. The
ρ → ππ coupling is denoted gρππ and BWa0(X2), BWa1(X2) and BWω(X2) are defined in
analogy to BWρ(W
2).
Note that all the amplitudes in eqs. (10) to (13) are of O(k) in agreement with Low’s
theorem. All of them correspond to contributions to the vector current, except eq. (12),
which is due to the axial-vector current.
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The MDM leads to the following form factors:
vMDM1 = iCρ
[
−gρ−ρ−ηgρ−π−γ
Dρ[(p+ k)2]
p.p0 +
gρ−ωπ−gωηγ
Dω[(p0 + k)2]
p0.(p0 + k) +
gρ−a−0 γga
−
0 π
−η
Da0 [(p+ p0)
2]
]
, (16)
vMDM2 = iCρ
[
gρ−ρ−ηgρ−π−γ
Dρ[(p + k)2]
p.(p+ k)− gρ−ωπ−gωηγ
Dω[(p0 + k)2]
p.p0 +
gρ−a−0 γga
−
0 π
−η
Da0 [(p+ p0)
2]
]
, (17)
vMDM3 = iCρ
[
−gρ−ρ−ηgρ−π−γ
Dρ[(p+ k)2]
]
, (18)
vMDM4 = iCρ
[
gρ−ωπ−gωηγ
Dω[(p0 + k)2]
]
, (19)
aMDM1 = CA
[
gρ0a−1 π−gρ
0ηγ
Dρ[(p0 + k)2]
]
(p0 + k).W , (20)
aMDM2 = 0 , (21)
aMDM3 = 0 , (22)
aMDM4 = −
aMDM1
(p0 + k).W
. (23)
In the above equations the shorthand notation CX(W
2) =
√
2m2X/[gXDX(W
2)] has been
used.
3.3 Determination of the relevant couplings
The coupling constants required in MDM are defined in equations (5)-(9). Comparisons of
the calculated and measured rates allows to determine the relevant coupling constants as-
suming they are real and positive as indicated in the following.
• We can use the τ− → (ρ, a1)−ντ decays to extract the (axial-)vector weak coupling
constants defined as indicated before. We use the decay width for τ− → X−ντ
Γ(τ− → ντX−) = G
2
F |Vud|2
8πM3τ
M2X
g2X
(
M2τ −M2X
)2
(M2τ + 2M
2
X) . (24)
For the a1(1260) we assume BR(τ
− → a−1 ντ ) = 0.1861 ± 0.0013 [4]. Similarly, we can
extract gρ from τ
− → ρ−ντ decays; instead, we compare the measured value of the
ρ0 → ℓ+ℓ− decay width with
Γ(ρ0 → ℓ+ℓ−) = 4π
3
(
α
gρ
)2(
1 +
2m2ℓ
M2V
)√
M2V − 4m2ℓ . (25)
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• We extract the coupling constants gV Pγ from the V µ → γα(s)P (t) decays, using the
decay width
Γ(V → Pγ) = |gV Pγ|
2
96πM3V
(M2V −M2P )3 . (26)
This expression, together with Γ(ρ/ω → π/η γ) [4] allows to determine four of the
required coupling constants.
• In order to fix the ρa1π coupling we consider the decay amplitudeM = igρa1π(r ·sgµα−
rαsµ)η
µ
a1
η∗αρ , for a
µ
1 (r, ηa1) → ρα(s, ηρ)π(t) decays. This gives the decay rate (λ(a, b, c)
is the ordinary Ka¨llen’s function)
Γ(a1 → ρπ) = |gρa1π|
2
96πM3a1
[
λ(M2a1 ,M
2
ρ , m
2
π) + 6M
2
ρM
2
a1
]
λ1/2(M2a1 ,M
2
ρ , m
2
π) . (27)
According to the PDG [4] a1 → ρπ decays make up 61.5% [39] of the total decay width
of a1(1260), which we take as Γa1 = (475 ± 175) MeV [4]. Using isospin symmetry to
relate the two decay modes of charged a1 mesons lead us to the result in Table 1.
• The following partial widths of a0(980) meson
Γ(a0 → γγ) = |ga0γγ |
2
32π
M3a0 , (28)
Γ(a0 → πη) = |ga0πη|
2
16πM3a0
λ1/2(M2a0 , m
2
η, m
2
π) , (29)
can be used to extract the required coupling constants involving the a0 meson. Neither
of these individual a0 decay rates have been measured separately. Instead, measure-
ments of their product have been reported by several groups with good agreement
among them. The average value reported in PDG [4] is
Γ(a0 → γγ)× Γ(a0 → πη)
Γa0
=
(
0.21+0.08−0.04
)
keV . (30)
We can extract the product of coupling constants of the a0 by comparing the previous
equations and using Γa0 =
(
75.6± 1.6+17.4−10.0
)
MeV [40] for the total decay width.
• The coupling gρωπ was fixed using the relation
gρωπ =
G8√
3
[
sinθV +
√
2rcosθV
]
, (31)
where G8 (G0) is the SU(3) invariant coupling of one pseudoscalar meson with two
octets (one octet and one singlet) of vector mesons, and r ≡ G0/G8. Using the rates
of V → Pγ decays and assuming ideal ω − φ mixing, θV =tan−1
(
1√
2
)
, one gets G8 =
(1.052± 0.032) · 10−2 MeV−1 and r = 1.088± 0.018 [41].
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Coupling constant Fitted value
gρ 5.0± 0.1
ga1 7.43± 0.03
egρηγ (4.80± 0.16)× 10−1 GeV−1
gρρη (7.9± 0.3) GeV−1
egωηγ (1.36± 0.06)× 10−1 GeV−1
egρπγ (2.19± 0.12)× 10−1 GeV−1
gρωπ (11.1± 0.5) GeV−1
ga1ρπ (3.9± 1.0) GeV−1
egρa0γ (9.2± 1.6)× 10−2 GeV−1
ga0πη (2.2± 0.9) GeV
egρη′γ (4.01± 0.13)× 10−1 GeV−1
egωη′γ (1.30± 0.08)× 10−1 GeV−1
gρρη′ (6.6± 0.2) GeV−1
ga0πη′/ga0πη ≤ 0.1
Table 1: Our fitted values of the coupling parameters. Those involving a photon are given
multiplied by the unit of electric charge.
• The following MDM relations between strong and electromagnetic couplings
gρρη =
gρ
e
gρηγ , ga0ργ =
gρ
e
ga0γγ . (32)
can be used to extract other relevant coupling constants.
• Finally for the decays involving the η′ meson, the couplings ga0πη′ , gρρη′ , gωη′γ and gρη′γ
need to be determined. Employing the above formulae it is straightforward to obtain
the last two from the measured Γ(η′ → ωγ) and Γ(η′ → ργ) decays [4]. gρρη′ is fixed in
terms of gρη′γ in analogy to eq. (32). It is not possible to determine ga0πη′ easily, because
the involved masses forbid all possible one-to-two body decays. However, according to
[18], ga0πη′ << ga0πη. We will take ga0πη′/ga0πη ≤ 0.1 as a conservative estimate.
In table 1 we show the values of the coupling constants obtained using the above proce-
dure. The errors are propagated from the experimental ones adding them in quadrature. In
section 5.1 we will present the MDM predictions for the τ− → π−η(′)γντ decays using these
inputs.
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4 Resonance Chiral Lagrangian prediction
4.1 Theoretical framework
Chiral Perturbation Theory (χPT ) [42] is the quantum effective field theory dual to QCD at
very low energies (E . Mρ, being Mρ the mass of the ρ(770) state). Therefore it provides
an adequate description of semileptonic tau decays, albeit for low invariant masses of the
meson system in the low multiplicity modes only [43]. Even in this situation, however, it
only covers a small window of the available phase space in tau decays. A phenomenological
approach to tackle this problem is to restore to the use of Chiral Lagrangians extended by
including the lightest resonances as active fields, the so-called Resonance Chiral Lagrangians
(RχL) [44]. An advantage of this setting is that it reduces to the χPT results in the chi-
ral limit extending the applicability of the theory to GeV energies. This is done without
assuming any symmetry related to the resonance dynamics (like for instance, hidden local
symmetry, see e. g. [45]) and ensuring that the Green functions and related form factors of
RχL comply with their known asymptotic suppression in QCD [46]. Then, the RχL bridge
between these two known limits of QCD on both energy ends: the chiral and perturbative
regimes of the strong interaction. Extending the energy range of χPT to larger energies
implies that its perturbative expansion (in powers of the ratio of momenta and masses of the
pseudoGoldstone bosons over the chiral symmetry breaking scale, Λχ ∼ GeV) breaks down
in the resonance region. Subsequently, RχL face the problem of finding a suitable expansion
parameter to build a perturbative expansion upon. A successful candidate is the inverse of
the number of colors of the QCD gauge group in the limit where this is taken to be large [47].
Remarkably, when this setting is applied to meson physics it agrees well both at the qualita-
tive and quantitative levels with the related phenomenology [48] (see also Refs. [49] where the
extension of RχL beyond the leading order in 1/NC has been studied). In the following we
recall the building blocks of the RχL and present the operators relevant for our computation.
The light-quark (q = u, d, s) sector of QCD exhibits -in the approximate limit of mass-
less quarks- a global SU(3)L ⊗ SU(3)R symmetry: the chiral symmetry of low-energy QCD
in which the left- and right-handed quark components are transformed separately in (three-
)flavor space. This symmetry is, nevertheless, not seen in the spectrum, where states be-
longing to flavor multiplets of opposite parity differ noticeably in mass (for instance a1(1260)
vs. ρ(770)). Consequently, the chiral symmetry of the QCD Lagrangian must be realized in
the Nambu-Goldstone boson way and only the vector subgroup SU(3)V of the chiral group
is a symmetry of the QCD vacuum so that the meson multiplets fill irreps of SU(3)V . The
pattern of spontaneous symmetry breakdown is SU(3)L⊗SU(3)R → SU(3)V and the break-
ing of the SU(3)A generators should result in eight Goldstone bosons. These are in fact
pseudo-Goldstone bosons (as a consequence of the explicit breaking of the chiral symmetry
by the small mq values) to be identified with the lightest multiplet of pseudoscalar mesons.
We discuss the parametrization of the corresponding fields in the following.
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The coset space SU(3)L ⊗ SU(3)R → SU(3)V is conveniently parametrized by [50]
u(φ) = exp
{
i√
2F
Φ
}
, (33)
where (we include the generator of U(1) as the zeroth Gell-Mann matrix)
Φ =
1√
2
8∑
i=0
λiφi =


π0+Cqη+Cq′η
′
√
2
π+ K+
π−
−π0+Cqη+Cq′η′√
2
K0
K− K
0 −Csη + Cs′η′

 (34)
and F ∼ Fπ ∼ 92.2 MeV is the pion decay constant in the chiral limit. In eq. (34) we have
considered the η − η′ mixing in the two-angle mixing scheme (which is consistent with the
large-NC limit of QCD [51] in which SU(3)V ⊗ U(1)V becomes U(3)V ) and worked in the
quark-flavor basis [52]. Within this setting, the mixing parameters are
Cq ≡ F√
3cos(θ8 − θ0)
(
cosθ0
f8
−
√
2sinθ8
f0
)
, Cq′ ≡ F√
3cos(θ8 − θ0)
(√
2cosθ8
f0
+
sinθ0
f8
)
,
Cs ≡ F√
3cos(θ8 − θ0)
(√
2cosθ0
f8
+
sinθ8
f0
)
, Cs′ ≡ F√
3cos(θ8 − θ0)
(
cosθ8
f0
−
√
2sinθ0
f8
)
,
(35)
with [52]
θ8 = (−21.2± 1.6)◦ , θ0 = (−9.2± 1.7)◦ , f8 = (1.26± 0.04)F, f0 = (1.17± 0.03)F .
(36)
As stated above, resonances are included without assuming any gauge symmetry related
to their dynamics, and only U(3) flavor symmetry is used to write
Vµν =


ρ0√
2
+ ω8√
6
+ ω0√
3
ρ+ K∗+
ρ− −ρ
0√
2
+ ω8√
6
+ ω0√
3
K∗0
K∗− K
∗0 −2ω8√
6
+ ω0√
3


µν
. (37)
The antisymmetric tensor formalism for spin-one fields has been employed in eq. (37). It turns
out to be more convenient than the Proca formalism in this context, since upon integration
of the resonance fields, the O(p4) couplings of the even-intrinsic parity χPT Lagrangian are
saturated by these resonance contributions 7. Consequently, such next-to-leading order chiral
7Particularly, they turn out to be saturated by the spin-one resonance contributions. In this sense vector
meson dominance [54] emerges as a result of the analysis and not as an a priori assumption.
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Lagrangian in the normal parity sector is not included in our computations to avoid double
counting [44].
The flavor states ω0 and ω8 are related to the physical ω(782) and φ(1020) particles by a
rotation given by their mixing angle θV :(
ω8
ω0
)
µν
=
(
cosθV sinθV
−sinθV cosθV
)(
φ
ω
)
µν
, (38)
with θV = tan
−1
(
1√
2
)
in the ideal mixing scheme that we will follow. As a consequence
of this precise value for the θV , all possible contributions with intermediate exchanges of
φ(1020) resonance to the (vector) form factors vanish.
The introduction of axial-vector resonances (Aµν) is performed analogously. Spin-zero res-
onances (S and P ) share the same flavor content as Vµν and Aµν as well (i.e., concerning the
SU(2) triplets, we will have the correspondences a0(980) ↔ π(1300) ↔ ρ(770) ↔ a1(1260)
for the S, P , V and A states, respectively).
In addition to the fields corresponding to pseudoGoldstone bosons and resonances, it is
convenient to add external hermitian matrix fields s, p, vµ and aµ transforming locally under
the chiral group (as scalar, pseudoscalar, vector and axial-vector, respectively). These are
coupled to the quark currents in order to provide a way of computing the corresponding
Green functions of quark currents.
With these fields and external sources, the RχL is built including resonance fields and
the following basic covariant tensors [50, 42]
uµ = u
†
µ = i
{
u†(∂µ − irµ)u− u(∂µ − iℓµ)u†
}
,
χ± = u
†χu† ± uχ†u ,
fµν± = uF
µν
L u
† ± u†F µνR u ,
hµν = ∇µuν +∇νuµ . (39)
In eq. (39), χ = 2B0(s + ip) includes the scalar and pseudoscalar external sources. The
low-energy constant B0 is related to the quark condensate in the chiral limit by means of〈
0|qiqj|0〉 = −B0F 2δij . (Axial)-vector and left/right sources are related by vµ = 12(rµ + ℓµ)
and aµ = 1
2
(rµ − ℓµ), respectively. F µνL,R correspond to the usual field-strength tensors:
F µνy = ∂
µyν − ∂νyµ − i [yµ, yν] , y = ℓ, r. (40)
The covariant derivative entering the last of eqs. (39) is given by
∇µX = ∂µX + [Γµ, X ] , (41)
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with the chiral connection
Γµ =
1
2
{
u†(∂µ − irµ)u+ u(∂µ − iℓµ)u†
}
. (42)
With these building blocks, the RχL Lagrangian is built including the most general set
of chiral-invariant operators which also respect Lorentz, P and C invariance, together with
hermiticity. Schematically, the operators are
ORiR
′
j ...
i ∼
〈∏
i,j,...
RiR
′
j ...χ
n(Φ)
〉
, (43)
where 〈...〉 stands for a trace in flavour space and χn(Φ) is a chiral tensor of O(pn) in the
chiral counting made up combining the chiral tensors appearing in eqs. (39).
∏
i,j,...RiR
′
j...
includes i(j, ...) copies of resonance multiplets of type Ri(j,...) (S, P , V and A, since here we
are restricting ourselves to the lowest-lying states for given quantum numbers).
The construction of our Lagrangian will be driven by the NC → ∞ limit of large-NC
QCD. In general, terms with a single trace are leading order in NC , while every additional
trace brings in a 1/NC suppression factor (see, however, Appendix A of Refs. [55, 56]). We
will start with the pseudoGoldstone boson Lagrangian, which is
LpGb ≡ LO(p2)χPT + LO(p
4)
χPT,WZW , (44)
where the first(second) term belongs to the even-(odd-)intrinsic parity sector and O(pn)
indicates the order in the chiral expansion. We note that LO(p4)χPT in the even-intrinsic parity
sector must not be included in LpGb to avoid double counting, as explained before. The
lowest-order Lagrangian in the chiral expansion is
LO(p2)χPT =
F 2
4
〈uµuµ + χ+〉 . (45)
LO(p4)χPT,WZW corresponds to the Wess-Zumino-Witten chiral anomaly functional [53] Z[U, v, a],
which can be read from Ref. [56] (using U = u2).
For the terms with resonances, we start with those derived in Refs. [44]. ’Kinetic’ terms
(they also include interactions, via the covariant derivative) for resonances R = Z,O, of order
O(NC), are
LRkin = −
1
2
〈∇µOµν∇αOαν〉+ 1
4
M2O 〈OµνOµν〉+
1
2
〈∇βZ∇βZ〉− 1
2
M2Z 〈ZZ〉 , (46)
where Z and O are resonances of spin zero (Z = S, P ) and one (O = V,A), respectively 8.
The interaction terms linear in resonance fields which -upon their integration out- contribute
8We will neglect the interaction with tensor resonances since they are rather weak [57]. See, however
ref. [58].
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to the low-energy constants of the χPT Lagrangian at O(p4) were also derived in Refs. [44].
These are
LR = cd 〈Suµuµ〉+ cm 〈Sχ+〉+ idm 〈Pχ−〉+ idm0
NF
〈P 〉 〈χ−〉
+
FV
2
√
2
〈Vµνfµν+ 〉+ i
GV√
2
〈Vµνuµuν〉+ FA
2
√
2
〈Aµνfµν− 〉 . (47)
The last two operators on the first line involving pseudoscalar resonances do not play any role
in our study 9 because they couple the pseudoscalar resonances to spin-zero sources instead
of to the weak V − A current.
Resonant operators contributing at O(p6) in the chiral expansion (in the low-energy limit)
were studied systematically in Refs. [55] and [56] for the even- and odd-intrinsic parity sec-
tors, respectively. We will be discussing those entering our study of τ− → π−η(′)γντ decays
in the following.
We will consider first the even-intrinsic parity sector and start with the operators con-
taining one resonance field. There, only one of the operators involving a scalar resonance
matters to our analysis: OS15 = 〈Sfµν+ f+µν〉 [55], while again no operators including pseu-
doscalar resonances contribute (in either intrinsic parity sector).
The corresponding Lagrangian with one vector resonance field was derived in Ref. [55]:
LV(4) =
22∑
i=1
λVi OVi , (48)
with the operators
OV1 = i 〈 Vµν uµuαuαuν 〉 , OV2 = i 〈 Vµν uαuµuνuα 〉 ,
OV3 = i 〈 Vµν { uα, uµuαuν } 〉 , OV4 = i 〈 Vµν { uµuν , uαuα } 〉 ,
OV5 = i 〈 Vµν fµα− f νβ− 〉 gαβ , OV6 = 〈 Vµν { fµν+ , χ+ } 〉 ,
OV7 = i 〈 Vµν fµα+ f νβ+ 〉 gαβ , OV8 = i 〈 Vµν {χ+ , uµuν } 〉 ,
OV9 = i 〈 Vµν uµ χ+ uν 〉 , OV10 = 〈 Vµν [ uµ , ∇νχ− ] 〉 ,
OV11 = 〈 Vµν { fµν+ , uαuα } 〉 , OV12 = 〈 Vµν uα fµν+ uα 〉 ,
OV13 = 〈 Vµν ( uµ f να+ uα + uα f να+ uµ ) 〉 , OV14 = 〈 Vµν ( uµuα fαν+ + fαν+ uαuµ ) 〉 ,
OV15 = 〈 Vµν ( uαuµ fαν+ + fαν+ uµuα ) 〉 , OV16 = i 〈 Vµν [∇µf να− , uα ] 〉 ,
OV17 = i 〈 Vµν [∇αfµν− , uα ] 〉 , OV18 = i 〈 Vµν [∇αfαµ− , uν ] 〉 ,
OV19 = i 〈 Vµν [ fµα− , hνα ] 〉 , OV20 = 〈 Vµν [ fµν− , χ− ] 〉 ,
OV21 = i 〈Vµν ∇α∇α (uµ uν) 〉 , OV22 = 〈 Vµν∇α∇α fµν+ 〉 . (49)
9Although it may seem that the operator with coefficient dm0 is suppressed with respect to the others in
eq. (47) because of its additional trace, this is not the case since it is enhanced due to η′ exchange [56].
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Two-resonance operators which conserve intrinsic parity are discussed in the following.
We begin with the basis of operators for vertices with one V and one A resonances and a
pseudoscalar meson [59] (here denoted P in the operators indexes, like in the quoted reference)
in the normal parity sector. This is
LV AP =
5∑
i=1
λiOiV AP , (50)
where the operators are
O1V AP = 〈[V µν , Aµν ]χ−〉,
O2V AP = i〈[V µν , Aνα]h αµ 〉,
O3V AP = i〈[∇µVµν , Aνα]uα〉,
O4V AP = i〈[∇αVµν , A να ]uµ〉,
O5V AP = i〈[∇αVµν , Aµν ]uα〉. (51)
There is only one relevant operator with both a V and a S field, OSV3 = 〈 {S , Vµν } fµν+ 〉,
with coupling λSV3 [55].
Finally, we include the relevant operators with two V resonances in this even-intrinsic
parity sector [55]
LV V =
18∑
i=1
λV Vi OV Vi , (52)
where
OV V1 = 〈VµνV µνuαuα〉 ,
OV V2 = 〈VµνuαV µνuα〉 ,
OV V3 = 〈VµαV ναuµuν〉 ,
OV V4 = 〈VµαV ναuνuµ〉 ,
OV V5 = 〈Vµα(uαV µβuβ + uβV µβuα)〉 ,
OV V6 = 〈VµνV µνχ+〉 ,
OV V7 = i〈VµαV ανf+βν〉gβµ . (53)
Next we turn to the odd-intrinsic parity sector, where the two terms involving a scalar
and an axial-vector resonance [56] are
OSA1 = iǫµναβ
〈
[Aµν , S] fαβ+
〉
, OSA2 = ǫµναβ
〈
Aµν
[
S, uαuβ
]〉
. (54)
In this intrinsic parity sector, operators with only vector resonances and sources and at
most one pseudoscalar (again denoted P in the naming of the operators) were derived in
reference [60]
LV,odd =
7∑
a=1
ca
MV
OaV JP +
4∑
a=1
daOaV V P , (55)
18
where the operators are
O1V JP = εµνρσ〈{V µν , f ρα+ }∇αuσ〉 ,
O2V JP = εµνρσ〈{V µα, f ρσ+ }∇αuν〉 ,
O3V JP = iεµνρσ〈{V µν , f ρσ+ }χ−〉 ,
O4V JP = iεµνρσ〈V µν [f ρσ− , χ+]〉 ,
O5V JP = εµνρσ〈{∇αV µν , f ρα+ }uσ〉 ,
O6V JP = εµνρσ〈{∇αV µα, f ρσ+ }uν〉 ,
O7V JP = εµνρσ〈{∇σV µν , f ρα+ }uα〉 ; (56)
O1V V P = εµνρσ〈{V µν , V ρα}∇αuσ〉 ,
O2V V P = iεµνρσ〈{V µν , V ρσ}χ−〉 ,
O3V V P = εµνρσ〈{∇αV µν , V ρα}uσ〉 ,
O4V V P = εµνρσ〈{∇σV µν , V ρα}uα〉 . (57)
In our case, however, we will not only need odd-intrinsic parity couplings of a V resonance,
a J source and a pseudoGoldstone; but also such vertices with two pseudoscalars 10. In this
case, as warned in Ref. [60], the set {OaV JP} 7a=1 is no longer a basis 11 and one needs to use
the operator basis with a V resonance derived in Ref. [56]; i. e.
L˜V,odd = εµναβ
∑
i
κVi OVi µναβ , (58)
10Obviously, in this case J has opposite parity than in the case with one pseudoGoldstone since both
vertices are of odd-intrinsic parity.
11Analogous comment applies to eq. (50), as pointed out in Ref [59].
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with the operators
(OV1 )µναβ = i〈V µν(hασuσuβ − uβuσhασ)〉 ,
(OV2 )µναβ = i〈V µν(uσhασuβ − uβhασuσ)〉 ,
(OV3 )µναβ = i〈V µν(uσuβhασ − hασuβuσ)〉 ,
(OV4 )µναβ = i〈[V µν ,∇αχ+]uβ〉 ,
(OV5 )µναβ = i〈V µν [fαβ− , uσuσ]〉 ,
(OV6 )µναβ = i〈V µν(fασ− uβuσ − uσuβfασ− )〉 ,
(OV7 )µναβ = i〈V µν(uσfασ− uβ − uβfασ− uσ)〉 ,
(OV8 )µναβ = i〈V µν(fασ− uσuβ − uβuσfασ− )〉 ,
(OV9 )µναβ = 〈V µν{χ−, uαuβ}〉 ,
(OV10)µναβ = 〈V µνuαχ−uβ〉 ,
(OV11)µναβ = 〈V µν{fαρ+ , fβσ− }〉gρσ ,
(OV12)µναβ = 〈V µν{fαρ+ , hβσ}〉gρσ ,
(OV13)µναβ = i〈V µνfαβ+ 〉〈χ−〉 ,
(OV14)µναβ = i〈V µν{fαβ+ , χ−}〉 ,
(OV15)µναβ = i〈V µν [fαβ− , χ+]〉 ,
(OV16)µναβ = 〈V µν{∇αfβσ+ , uσ}〉 ,
(OV17)µναβ = 〈V µν{∇σfασ+ , uβ}〉 ,
(OV18)µναβ = 〈V µνuαuβ〉〈χ−〉 . (59)
The operators in eq. (56) can be written in terms of those in eq. (59). This yields the
following identities among the corresponding couplings [61]
κV V1 =
−d1
8nf
, κV V2 =
d1
8
+ d2 , κ
V V
3 = d3 , κ
V V
4 = d4 ,
−2MV κV5 = MV κV6 = MV κV7 =
c6
2
, MV κ
V
11 =
c1 − c2 − c5 + c6 + c7
2
,
MV κ
V
12 =
c1 − c2 − c5 + c6 − c7
2
, nfMV κ
V
13 =
−c2 + c6
4
, MV κ
V
14 =
c2 + 4c3 − c6
4
,
MV κ
V
15 = c4 , MV κ
V
16 = c6 + c7 , MV κ
V
17 = −c5 + c6 . (60)
The analogous Lagrangian to eq. (58) involving an A resonance [56] is the last missing
piece needed for our computations. This is
LA,odd = εµναβ
∑
i
κAi OAi µναβ , (61)
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with the operators
(OA1 )µναβ = 〈Aµν [uαuβ, uσuσ]〉,
(OA2 )µναβ = 〈Aµν [uαuσuβ, uσ]〉,
(OA3 )µναβ = 〈Aµν{∇αhβσ, uσ}〉,
(OA4 )µναβ = i〈Aµν [fαβ+ , uσuσ]〉,
(OA5 )µναβ = i〈Aµν(fασ+ uσuβ − uβuσfασ+ )〉,
(OA6 )µναβ = i〈Aµν(fασ+ uβuσ − uσuβfασ+ )〉,
(OA7 )µναβ = i〈Aµν(uσfασ+ uβ − uβfασ+ uσ)〉,
(OA8 )µναβ = 〈Aµν{fασ− , hβσ}〉,
(OA9 )µναβ = i〈Aµνfαβ− 〉〈χ−〉,
(OA10)µναβ = i〈Aµνuα〉〈∇βχ−〉,
(OA11)µναβ = i〈Aµν{fαβ− , χ−}〉,
(OA12)µναβ = i〈Aµν{∇αχ−, uβ}〉,
(OA13)µναβ = 〈Aµν [χ+, uαuβ]〉,
(OA14)µναβ = i〈Aµν{fαβ+ , χ+}〉,
(OA15)µναβ = 〈Aµν{∇αfβσ− , uσ}〉,
(OA16)µναβ = 〈Aµν{∇σfασ− , uβ}〉. (62)
We recall that the basis for odd-intrinsic parity operators with two vector resonances and
a pseudoscalar meson was given in eq. (55).
4.2 Short-distance QCD constraints on the RχL couplings
We have discussed in the previous section how symmetry determines the structure of the
operators in the RχL though it leaves, however, the corresponding couplings undetermined
(as in χPT or any other effective field theory with a corresponding fundamental theory in
the strongly coupled regime). It was soon observed [62, 44] that demanding that the Green
functions (and related form factors) computed in the meson theory to match their known
asymptotic behaviour according to the operator product expansion [63] of QCD relates some
of the RχL couplings and thus increases the predictive power of the theory. We will quote
in the following the results of this programme interesting to our study.
In the odd-intrinsic parity sector, the analysis of three-point V V P Green function and
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associated form factors yields [60, 56, 61]
MV (2κ
V
12 + 4κ
V
14 + κ
V
16 − κV17) = 4 c3 + c1 = 0 ,
MV (2κ
V
12 + κ
V
16 − 2κV17) = c1 − c2 + c5 = 0 ,
−MV κV17 = c5 − c6 =
NC MV
64
√
2 π2 FV
,
8κV V2 = d1 + 8 d2 =
F 2
8F 2V
− NC M
2
V
64 π2 F 2V
,
κV V3 = d3 = −
NC
64π2
M2V
F 2V
,
1 +
32
√
2FV dm κ
PV
3
F 2
= 0 ,
F 2V = 3F
2 . (63)
It is remarkable that the last of eqs. (63) involves couplings belonging to the even-intrinsic
parity RχL, despite it was obtained demanding consistency to the high-energy constraints
derived in the odd-intrinsic parity sector [60, 56, 61, 64, 66, 65, 67]. Let us also mention
that the short-distance QCD constraint κS2 = 0 [56] forbids a diagram similar to the third
one in fig. 6 where this time the coupling to the current would conserve intrinsic parity (it
would be thus a contribution to the axial-vector form factors, since a−0 → π−η belongs to
the unnatural intrinsic parity sector) 12. Another relevant short-distance constraint in the
odd-intrinsic parity sector which is derived from the study of the V AS Green function [56] is
κ14A = 0. Interestingly, this same analysis also yields the relation κ
V
4 = 2κ
V
15, where κ
V
4 does
not enter the relations (60). Other high-energy constraints derived in the quoted study are
not relevant to our computation.
In the even-intrinsic parity sector, the study of V AP and SPP Green functions 13 and
their form factors allowed to derive the following restrictions [71, 72, 55]
λ′ ≡ 1√
2
(
λ2 − λ3 + λ4
2
+ λ5
)
=
F 2
2
√
2FAGV
,
λ′′ ≡ 1√
2
(
λ2 − λ4
2
− λ5
)
=
2GV − FV
2
√
2FA
,
λ0 ≡ − 1√
2
(
4λ1 + λ2 +
λ4
2
+ λ5
)
=
λ′ + λ′′
4
,
κSA1 ≡
F 2
32
√
2cmFA
, (64)
12For completeness we quote the corresponding operator, OS2 = ǫµναβ〈iS
[
fµν+ , f
αβ
−
]
〉.
13Four-point functions have been studied in Ref. [68].
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supplemented by FVGV = F
2 , FA =
√
2F and FV =
√
3F (this one in accord with the
result found in the odd-intrinsic parity sector) [62, 44, 69]. Since λV21 = 0 = λ
V
22 [55], we
will not consider the contribution of the corresponding operators. The well-known relation
cdcm = F
2/4 [70] arising in the study of strangeness-changing scalar form factors will also
be employed.
Although not all the operators appearing in section 4.1 do actually contribute to the con-
sidered decays, the number of asymptotic relations looks too small compared to the number
of free couplings to allow a meaningful general phenomenological study of the τ− → π−η(′)γντ
decays within RχL. Also there is not enough phenomenological information on the couplings
of eqs. (59) and (62), for instance. Due to that we will first consider only the diagrams with
at most one resonance and then comment on the possible extension to include two-resonance
diagrams in section 5.2.
4.3 Form factors according to Resonance Chiral Lagrangians
The relevant Feynman diagrams are shown in figures 3 to 5 14. Fig. 3 corresponds to the
model-independent contribution given by the chiral U(1) anomaly, fixed by QCD 15. The
left-hand side diagram is the purely local contribution while, in the one on the right, the
Wess-Zumino-Witten functional provides the ππηγ vertex (and all hadronic information cor-
responding to the coupling of the pion to the axial-vector current is encoded in the pion
decay constant). The anomalous vertices violate intrinsic parity, as these two diagrams do.
Figs. 4 to 7 are, on the contrary, model-dependent. Figs. 4 and 5 (6 and 7) correspond to
the one- and two-resonance mediated contributions to the axial-vector (vector) form factors
in eqs. (1) to (4), respectively.
π−η
γ
π−
η
γ
π−
Figure 3: Contributions from the Wess-Zumino-Witten functional [53] to τ− → π−ηγντ
decays. The cross circle indicates the insertion of the charged weak current.
14We remind that only diagrams which do not violate G-parity are considered.
15We note that this contribution is absent in the MDM approach.
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As a general fact, the axial-vector form factors in radiative tau decays to two pseudoscalars
violate intrinsic parity as it can be checked for all contributing diagrams in figs. 4 and 5. The
last vertex in all diagrams in the first line of fig. 4 is of odd-intrinsic parity (as well as it
happens with the second diagram in the second line of this figure). In the first and third
diagrams of the second line of fig. 4 intrinsic parity is violated in the coupling to the weak
(thus axial-vector) current. The odd-intrinsic parity violating vertices appearing in the dia-
grams in fig. 5 are ρ0 → ηγ, a−µ → a−1 η (aµ stands for the axial-vector current), a−1 → π−η
and a−1 → a−0 γ.
π−
γ
η
ρ0
π−
η
γ
π−
a−1
π−
γ
η
ρ0
η
γ
π−
a−1
η
γ
π−
a−1
η
γ
π−
ρ0
η
γ
π−
π′−
Figure 4: One-resonance exchange contributions from the RχL to the axial-vector form
factors of the τ− → π−ηγντ decays. Vertices involving resonances are highlighted with a
thick dot.
We note that the first two diagrams of figs. 6 contain only odd-intrinsic parity violating
vertices while the last three diagrams in this figure contain only even-intrinsic parity vertices
in such a way that intrinsic-parity is not violated in neither of them (as it corresponds to the
vector form factors). Similarly, in fig. 7, the first, second and fourth diagram contain two
intrinsic parity violating vertices and the third and fifth diagram contain only even-intrinsic
parity vertices. Thus, again intrinsic parity is conserved in these diagrams as well.
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ηπ−
a−1 ρ0
γ
η π−
a−1 ρ0 γ
η
γ π−
a−1a
−
1
η
π−
π′− ρ0
γ
η
γ π−
a−0a
−
1
η
γ π−
a−1π′−
Figure 5: Two-resonance exchange contributions from the RχL to the axial-vector form
factors of the τ− → π−ηγντ decays. Vertices involving resonances are highlighted with a
thick dot.
η
γ
π−
ρ−
π−
γ
η
ω η
γ
π−
a−0
η
γ
π−
ρ−
η
γ
π−
ω
Figure 6: One-resonance exchange contributions from the RχL to the vector form factors of
the τ− → π−ηγντ decays. Vertices involving resonances are highlighted with a thick dot.
ηπ−
ρ− ω γ
π−η
ρ− ρ− γ η
γ π−
a−0ρ−
η π−
ρ− ω
γ
η
π−
ρ−
ω γ
Figure 7: Two-resonance exchange contributions from the RχL to the vector form factors of
the τ− → π−ηγντ decays. Vertices involving resonances are highlighted with a thick dot.
Using the RχL introduced in section 4.1, it is straightforward to verify that all three
diagrams involving the π′ resonance vanish (in figs. 4 and 5). Also the last diagram of fig. 6
is null but all other diagrams in figures 3 to 7 contribute nontrivially to the considered
τ− → π−η(′)γντ decays. Since the left-handed weak current has both vector and axial-vector
components, one could expect to have two different contributions per given topology, with
intrinsic parity conserving and violating coupling to the weak charged current, respectively.
However, we point out that using the Lagrangian introduced in section 4.1 this only happens
for the last diagrams in figs. 4 and 6. In our computation we have neglected subleading
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contributions in the chiral counting, namely the coupling to the weak current in the second
diagram of fig. 4 receives contributions from the piece of the Lagrangian in eq. (47). Cor-
respondingly, we are not considering the contributions given by the Lagrangian in eq. (48),
which are suppressed by one chiral order.
Comparing the RχL diagrams in figs. 3 to 7 with the MDM diagrams in fig. 1, we see
first that the model-independent contribution of both diagrams in fig. 3 (axial-form factors
at lowest order in the chiral expansion) is not included in the MDM approach. Among the
13 contributions in figs. 4 and 5 (which are subleading in the chiral regime) only one is
considered in MDM 16 (the first diagram in figure 5). Finally, 10 diagrams appear in figs. 6
and 7 but only three of them (those including the vertices ρ−ω−π, ρ−a0−γ and ρ−ρ−η)
enter the MDM description.
We would like to make a final comment regarding gauge invariance before quoting our
form factor results using RχL. It can be checked that the contribution of OA10 to the third
diagram in fig. 4 is not gauge invariant by itself. However, for this particular operator, the
cancellation of gauge-dependent pieces involves the diagrams with radiation off the a1 and
off the weak vertex in figs. 4 and 5. As a result of this mechanism, we note the presence of
Da1(W
2) and Da1 [(p+k)
2] factors and the absence of Da1 [(p+ p0)
2] terms in the correspond-
ing contributions to the axial-vector form factors 17.
For convenience, we will quote the individual contributions to each form factor figure
by figure (following the order of the diagrams in a given figure). We will start with the
axial-vector form factors. The diagrams in fig. 3 give
aχPT1 =
NCCq
6
√
2π2F 2
, aχPT3 =
aχPT1
Dπ [W 2]
, (65)
which is a model-independent result coming from the QCD anomaly.
The contribution of the remaining diagrams (figures 4 and 5 for the axial-vector form fac-
tors and 6 and 7 for the vector form factors) is collected in appendix B. The corresponding
off-shell width of meson resonances used in our numerical analysis can be found in appendix
C. We will discuss in the next section if further insight can be gained on the RχL couplings
values restoring to phenomenology and using the expected scaling of the low-energy constants
of the χPT Lagrangian.
16The diagram with the pion pole also appears in fig. 2, but it is neglected.
17We note that, among the OAi operators, only OA10 couples to π−η(′). This vertex does not contribute to
the corresponding non-radiative decays because at least an additional independent momentum is needed for
a non-vanishing contraction with the Levi-Civita symbol.
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4.4 Phenomenological estimation of RχL couplings
Although the relations in section 4.2 only reduce the number of unknowns in eqs. (65) and
(71) to (89), some of the remaining free couplings can still be estimated phenomenologically.
The high-energy constraint cdcm = F
2/4 leaves either cd or cm as independent. We will use
cd =
(
19.8+2.0−5.2
)
MeV [18]. In this way all relevant couplings in eq.(47) have been determined.
λS15 is the only leading operator contributing to a0 → γγ. From Γ(a0 → γγ) = (0.30± 0.10)
keV= 64πα
2
9
M3a0 |λS15|2 we can estimate |λS15| = (1.6±0.3) ·10−2 GeV−1. We note that the cou-
pling relevant for the a1−a0−γ vertex, κSA1 is fixed by a short-distance constraint in eqs. (64).
We turn now to the λi couplings in eq. (50). Short-distance constraints leave two such
couplings undetermined. The three combinations of them that are predicted by high-energy
conditions have the following numerical values:
λ′ ∼ 0.4 , λ′′ ∼ 0.04 , λ0 ∼ 0.12 . (66)
The same linear combination of λ4 and λ5 enters all couplings in eq. (66). Therefore we can
take one them as independent (λ4 for us). We will choose as the other independent coupling
λ2, which enters all couplings in eq. (66). A conservative estimate would be |λ2| ∼ |λ4| ≤ 0.4,
to which we will stick in our numerical analysis.
According to ref. [55] the λVi couplings can be estimated from the expected scaling of the
NNLO low-energy constants of the χPT Lagrangian (we also employ short-distance QCD
constraints on the RχL couplings to write the following expression conveniently) as
λVi ∼ 3CRi
M2V
F
∼ 0.05 GeV−1 , (67)
that can be considered an upper bound on |λVi | because the employed relation CRi ∼ 1F 2(4π)4
is linked to LRi ∼ 1(4π)2 ∼ 5 ·10−3, which is basically the size of LR9 and |LR10| but clearly larger
than the remaining eight LRi [44, 73]. There is not that much information on the values of
the CRi (see, however Ref. [74]). We will take |λVi | ≤ 0.04 GeV−1 for the variation of these
couplings (i = 6, 11, 12, 13, 14, 15 are relevant to our analysis), although it may be expected
that only one or two of them (if any) are close to that (upper) limit. Proceeding similarly
we can estimate λV Vi ∼ M
4
V
2F 2
CRi and λ
SV
i ∼
√
2
M2SM
2
V
cmF
CRi . This sets a reasonable upper bound
|λSVi | ∼ |λV Vi | . 0.1 that we will assume in the numerics.
We discuss next the values of the ci (κ
V
i ) couplings in eqs. (55) and (58). Eqs. (63) pre-
dict the vanishing of two linear combinations of ci’s. The numerical value for the predicted
c6 − c5 is −0.017. There are some determinations of c3. It was estimated (although with
a sign ambiguity) studying τ− → ηπ−π0ντ decays [27]. Taking into account the determi-
nations by Y. H. Chen et. al. [75, 76, 77] as well, we will use c3 = 0.007
+0.020
−0.012. c4 was
first determined studying σ(e+e− → KKπ) in Ref. [29], even though with a value yielding
inconsistent results for the τ− → K−γντ branching ratio [65]. We will take the determination
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c4 = −0.0024± 0.0006 [76] as the most reliable one. Two other independent ci combinations
appear in our form factors. We will take them as c5 and c7 whose modulus we will vary in
the range [0, 0.03]. Using eqs. (60) to relate the ci and κ
V
i couplings we can find reasonable
guesses on the latter from |ci| . 0.03. Thus, we will take |κVi | ≤ 0.04 GeV−1 for their varia-
tion.
There is very little information on the κAi couplings. As a reasonable estimate we will
make them vary in the same interval as the λVi and κ
V
i couplings.
The numerical values of the two di couplings (VVP operators) which were determined in
eq. (63) are d1+8d2 ∼ 0.15 and d3 ∼ −0.11. d2 has been determined jointly with c3 (discussed
above). According to the quoted references we will employ d2 = 0.08 ± 0.08. Then only d4
would remain free. Given the previous values for the other di’s we will assume |d4| < 0.15.
We will discuss in the next section the phenomenology of τ− → π−η(′)γντ decays, focusing
on the background they constitute to the searches of SCC in their corresponding non-radiative
decays. We will start discussing the simplified case of MDM , according to eqs.(16), to turn
next to the RχL prediction corresponding to eqs. (65) and (71) to (89).
5 τ− → η(′)π−ντγ as background in the searches for τ− →
η(′)π−ντ
5.1 Meson dominance predictions
We will get our MDM predictions on the τ− → η(′)π−ντγ decays varying the couplings
appearing in table 1 within a one-sigma range assuming a Gaussian distribution for them.
Lacking any information on their correlations, we will take them as independent, which would
(conservatively) increase the statistical error of our predictions. All other inputs are set to
PDG values [4] taking into account the corresponding errors. For the decay mode with an η′
meson we need to change the couplings gρηγ , gωηγ , gρρη and ga0πη by those in the last four rows
of table 1. For our phenomenological analysis we will be mainly concerned in examining the
backgrounds that the τ− → η(′)π−ντγ constitute in the search for SCC in the corresponding
non-radiative processes, with branching fractions of the order of 1.7 · 10−5 (η mode) and
[10−7, 10−6] (η′ channel) [16]. We will first plot the predicted branching ratios when sampling
these 10 parameters within one-sigma uncertainties (using normal distributions). This infor-
mation is collected in figures 8. In the left panel we can see the result of taking 100 points
in the parameters space scan, while 1000 points were used to obtain the figure on the right
hand side. The corresponding mean and standard deviation of both data samples branching
ratios are (1± 1) · 10−5 (100 points) and (1.1± 0.3) · 10−5 (1000 points). We do not assign a
theory error to these values, since our only purpose is to have a simple estimate to compare
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with the RχL predictions in section 5.2 (whose systematic uncertainty will be discussed).
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(a) 100 normally sampled points in the MDM
parameter space are plotted.
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(b) Same as in (a) with 1000 points.
Figure 8: Predictions for the BR(τ− → ηπ−ντγ) depending on the simulation sample size.
For the previously simulated 100 data points we have obtained their spectra in both
the π−η invariant mass (left) and on the photon energy (right). In the first (second) case
200 (500) points constitute the spectra for every simulated point in the sampled parameters
space. The corresponding normalized spectra (the differential decay distributions are divided
by the tau full width) are plotted in figs. 9. Although the (normalized) spectra in mπη tend
to peak around 1.15 − 1.35 GeV, there is not any marked dynamics responsible for that.
The dependence on Eγ shown in the right-hand plot turns out to be essential for getting rid
of these backgrounds in related SCC searches. Indeed, while photon spectra are peaked at
low energies in IB contributions, this is not the case for the SD ones. In our case IB has a
negligible impact on the considered decays rate because it is doubly suppressed by G-parity
violation and by a factor α (See also our appendix A, giving more details on these features).
Thus, the relevant photon emission in τ− → η(′)π−ντγ decays exhibits a soft dependence on
Eγ which vanishes smoothly at both energy ends. Consequently, one can envisage that cut-
ting out photons above a certain energy value will allow to reduce drastically this background
in SCC searches.
In figs. 10 we show the effect of cutting photons above 100 MeV (left) and 50 MeV (right).
29
0.6 0.8 1 1.2 1.4 1.6
m
piη (GeV)
0
5e-06
1e-05
1.5e-05
2e-05
2.5e-05
dΓ
(τ 
−
>
 pi
 η
 γ 
ν τ
)/d
m pi
η/
Γ τ
 
(G
eV
-
1 )
(a) Normalized spectrum (corresponding to the
data in figure 8 (a)) in the invariant mass of the
ηπ− system is plotted.
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(b) For the same points as in (a), the normalized
spectrum in Eγ is drawn.
Figure 9: Normalized spectra of the τ− → ηπ−ντγ decays according to MDM.
It is fair to acknowledge that 50 MeV can be a too aggressive cut for Belle-II, because the typ-
ical calorimeter activity will be considerably larger than at BaBar/Belle. As far as we know,
100 MeV represents a perfectly feasible cut. It is seen that even for this cut, τ− → ηπ−ντγ
decays are suppressed to a level where they do not affect the search for the corresponding
non-radiative decay channel. The corresponding branching fractions upper bounds (obtained
with a larger simulation sample, not shown in the figure) are ≤ 0.6 · 10−7 (cut for Eγ > 100
MeV) and ≤ 0.7 · 10−8 (for Eγ > 50 MeV). In any case this would be at least two orders
of magnitude smaller than the associated non-radiative decay. We will see in section 5.2 if
these expectations, based on na¨ıve MDM, hold in a more elaborated treatment of strong
interactions in the chiral and resonance regions. It is noteworthy that no peak associated to
the a0(980) resonance exchange is appreciated in our spectra.
Now we turn to the predictions of MDM for the partner τ− → η′π−ντγ decays. We will
proceed analogously as for the η meson channel. We first plot the branching ratio for 100
(1000) normally sampled points in the parameter space in fig. 11. The corresponding mean
branching fractions are ∼ 6 · 10−8 ((0.8± 0.8) · 10−7), where the error is again only statistical
and reducible.
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(a) Photons with Eγ > 100 MeV are rejected.
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(b) Same as in (a) with 50 MeV as the photon
energy cut.
Figure 10: Predictions for the BR(τ− → ηπ−ντγ) as a function of the photon energy cut.
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(a) 100 normally sampled points in the MDM
parameter space are plotted.
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(b) Same as in (a) with 1000 points.
Figure 11: Predictions for the BR(τ− → η′π−ντγ) depending on the simulation sample size.
For the previously simulated 100 data points we have obtained their spectra in both the
π−η invariant mass (left) and on the photon energy (right). In the first (second) case 200
(500) points constitute the spectra for every simulated point in the sampled parameters space.
The corresponding normalized spectra (the differential decay distributions are divided by the
tau full width) are plotted in figs. 12. Again no hint of the underlying dynamics is seen and
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cutting medium- and high-energy photons appears promising to eliminate this background.
Since the phase space does not allow for on-shell a0 exchanges, no possible related substruc-
ture can arise 18.
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(a) Normalized spectrum (corresponding to the
data in figure 11 (a)) in the invariant mass of the
η′π− system is plotted.
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Figure 12: Predictions for the normalized spectra of the τ− → η′π−ντγ decays according to
MDM.
Finally, in figures 13 we present the decreased normalized decay rates, resulting from
cutting photons above 100 MeV (left) and 50 MeV (right). The corresponding branching
fractions are ≤ 0.2 · 10−8 and ≤ 0.3 · 10−9, respectively (obtained with the 1000 data point
samples not shown in the figure), at least a factor 50 smaller than their non-radiative coun-
terparts, a feature that needs to be confronted to the results using RχL presented in the
next section. We also note that in MDM the bulk of the contribution to the branching ratio
comes from the last diagram in the last line of figure 1. Neglecting all other diagrams one
gets ∼ 80% of the branching ratio only from this diagram in the η meson decay mode, while
the η′ channel is essentially saturated by this contribution.
18We are neglecting excited resonance contributions, which specifically forbids any trace of the a0(1450)
meson in this approach.
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(a) When cutting photons with Eγ > 100 MeV.
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(b) When cutting photons with Eγ > 50 MeV.
Figure 13: BR(τ− → ηπ−ντγ) are represented as a function of the photon energy cut.
5.2 RχL predictions
As we noted in section 3, the MDM form factors are obtained from two-resonance mediated
diagrams only. In the RχL framework one has, in addition to the chiral (anomalous) contri-
bution, one- and two-resonance mediated diagrams. Along this section we will be comparing
the results obtained with/without the two-resonance exchange diagrams. Comparison of both
will show that the main features of these decays are already captured without including the
two-resonance contributions.
After normally sampling 100 points in the parameter space, the resulting branching ratio
is (1.0± 0.2) · 10−4, which is plotted in fig. 14(a) (the error is only statistical). This one can
be reduced enlarging the simulation, but then the systematic theory error would saturate the
total uncertainty. In particular, with 1000 data points we find (0.98± 0.15) · 10−4, as mean
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(b) Two-resonance contributions neglected.
Figure 14: Predictions for the τ− → ηπ−ντγ decays branching ratios: 100 normally sampled
points in the RχL parameter space are plotted.
and standard deviation of the sample. If, based on the large-NC expansion, we assign a 1/NC
error at the amplitude level, a 1/N2C error in branching fractions would become comparable
to the previous statistical error. Still, our conservative educated guess on this branching ratio
uncertainty would be ∼ 0.22 · 10−4, accounting for a possible larger (double) theory error.
In this way we quote (0.98 ± 0.27) · 10−4 as our predicted branching fraction for this decay
channel when all (chiral and one and two-resonance mediated contributions) are included.
This result is an order of magnitude larger than the MDM prediction. Part of it could be
due to an statistical artifact caused by the sizable probability of having a significant number
of couplings with magnitude outside the one-sigma error range, given the large number of
couplings that are normally sampled in order to get our predictions. However, according
to our previous simulations [78] where RχL couplings were sampled uniformly within the
one-sigma interval (with zero probability of lying outside of it), the different dynamics of the
MDM approach and of the RχL has a similarly important effect in explaining this differ-
ence. We compare the results corresponding to fig. 14 (a) (including two-resonance mediated
contributions) to the case where these are neglected (figure 14 (b)). The predicted branching
ratios do not vary much. Our previously quoted branching fraction, (0.98 ± 0.27) · 10−4, is
reduced to (0.65± 0.17) · 10−4, where both numbers were obtained from the 1000 data point
simulations and the errors are dominated by the theory uncertainty.
In figures 15 (a) and (b) we plot the normalized spectra in mηπ and Eγ , with 200 and
500 data points, respectively. In this case, as opposed to the MDM description, the spectra
change appreciably depending on the precise values of the Lagrangian couplings (see fig. 16(a)
in [78] for illustration). In fig. 15 (a) we see that the maximum of the spectra is distributed
with significant probability in the 1.15− 1.35 GeV range, in agreement with the MDM pre-
diction. The analysis of the photon energy spectrum (in fig. 15 (b)) also confirms that, as
suggested by the MDM analysis, it seems possible to suppress the bulk of this mode decay
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rate by cutting photons with energies above some 100 GeV. These features stay basically
the same when neglecting the two-resonance mediated contributions. In agreement with the
MDM prediction, there is not any signature of the a0(980) meson in the ηπ invariant mass
distribution. Since, as in the MDM approach, we are disregarding excited meson multiplets,
no possible trace of the a0(1450) meson can result in RχL either.
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(a) Normalized spectrum (corresponding to the
data in figure 14) in the invariant mass of the
ηπ− system is plotted.
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Figure 15: Normalized spectra of the τ− → ηπ−ντγ decays according to RχL.
In figures 16 we present the simulated branching fractions when photons above 100 MeV
are indeed cut (left plot), yielding (0.44 ± 0.06) · 10−5. If it was possible to cut above 50
MeV photons, the branching ration would be shrinked to (0.67 ± 0.28) · 10−6 (right plot).
Again, the quoted statistical errors have been obtained from the 1000 data point sample,
not shown in the figure. Vetoing photons with E > 100 MeV should be able to reduce the
number of background events to a fourth of the non-radiative decay, which should allow for
a first detection of the τ− → ηπ−ντγ decays (supplemented by a phase-space discriminator,
if needed).
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(a) When cutting photons with Eγ > 100 MeV.
0 5e-07 1e-06 1.5e-06 2e-06 2.5e-06 3e-06
BR(τ −> pi η γ ν
τ
)
0
5
10
15
20
25
Fr
eq
ue
nc
y
(b) When cutting photons with Eγ > 50 MeV.
Figure 16: BR(τ− → ηπ−ντγ) are represented as a function of the photon energy cut.
This conclusion does not change when we neglect the contributions from two-resonance
mediated diagrams. The branching ratios obtained when cutting photons with with Eγ >
50(100) MeV change from the previous values (0.44 ± 0.06) · 10−5 ((0.67 ± 0.28) · 10−6) to
(0.30± 0.04) · 10−5 ((0.45± 0.16) · 10−6).
In figure 17 we show the plot analogous to fig. 14, but for the η′ mode. Using 100 sample
data points, the predicted mean branching fraction is (0.9± 0.4) · 10−5, which is larger than
the non-radiative decay. Once again, this feature remains when neglecting the two-resonance
contributions, yielding (0.7±0.3) · 10−5. If we now enlarge our sampling to 1000 data points,
our uncertainties become theory dominated. The corresponding results are (0.84±0.06)·10−5
(all contributions) and (0.65±0.05)·10−6 (without two-resonance contributions). As we noted
for the η channel, the results of RχL are noticeably larger than those of VMD (typically two
orders of magnitude for the η′ channel). We again understand partly this discrepancy from
the fact that, having so many parameters normally sampled for RχL, it becomes rather prob-
able to have enough of them outside the one-sigma error band so as to increase substantially
the predictions for the observables. In the η′ channel, however, the most of this difference
comes from the richer dynamics of RχL with respect to MDM , as confirmed by our earlier
simulations [78]. We compare the results corresponding to fig. 17 (a) (all contributions in-
cluded) to the case where the two-resonance contributions are neglected (figure 17 (b)). The
predicted branching ratios remain basically constant, as just quoted.
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(b) Two-resonance contributions neglected.
Figure 17: Predictions for the τ− → η′π−ντγ decays branching ratios: 100 normally sampled
points in the RχL parameter space are plotted.
In figs. 18 we show the normalized spectra of the τ− → η′π−ντγ decays versus the meson
system invariant mass (a) and the photon energy (b), with 200 and 500 data points, respec-
tively. In this case for the η′π invariant mass distribution, a maximum is expected in the
region 1.30− 1.45 GeV. The photon energy spectra suggests an O(100) MeV cut on Eγ that
we consider in the following. Again, we point out that the spectra change only very mildly
when neglecting the two-resonant contributions.
The branching ratio into the π−η′γντ decay channel, when cutting photons above 100
MeV are (0.9± 0.2) · 10−6. It is reduced to (1.5± 1.5) · 10−7 when the cut is established from
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Figure 18: Normalized spectra of the τ− → η′π−ντγ decays according to RχL.
50 MeV on. These results are depicted in figure 19. We recall that the systematic errors
have been obtained from the 1000 points data sample, not shown in the figure. We could
reduce the errors by an extended sampling but this is not needed. It is already evident that
if the corresponding non-radiative decay has a branching fraction which is close to minimum
of the predicted interval, then one would require to use the different event topology of the
three- and four-body decays to get rid of this background, which again looks feasible in the
Belle-II environment (even if the branching ratio lies close to the predicted upper limit, using
this additional information would be needed). Once more, these conclusions also apply when
the two-resonance contributions are included, because the previous numbers barely change
to (0.7± 0.2) · 10−6 and (1± 1) · 10−7, respectively.
6 Conclusions and outlook
Induced SCC remain as yet undetected suppressed effects within the SM. In nuclear physics,
the difficulty in splitting their signatures from ordinary CVC violation makes semileptonic
tau decays at Belle-II the most promising arena for their discovery in an era of precision
tau physics [79], where eventual departures of the corresponding rates from the expectations
coming from G-parity violation may signal new physics providing genuine SCC. Actually,
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Figure 19: BR(τ− → ηπ−ντγ) are represented as a function of the photon energy cut.
current upper limits [4] on SCC searches lie close to the expected predictions according to
isospin violating effects in the SM. With this motivation in mind, a number of theory papers
and experimental analyses have been conducted in the last years in an effort that promises
to continue with the start of Belle-II data taking.
In this paper, we point out for the first time the importance of the τ− → π−η(′)ντγ decays
as backgrounds in these searches. Within the framework of Resonance Chiral Lagrangians,
we have found that their corresponding branching ratios are comparable to those of the non-
radiative decays (in agreement with the expectations from G-parity violation as compared to
electromagnetic suppression). Our main conclusion is that cutting photons above a realistic
energy Eγ & 100 MeV (leaving small windows for detecting π
0 and η(′) decays involving
photons) should get rid of this background in the searches for SCC in τ− → π−ηντ decays.
On the other hand, given the theory errors in predicting BR(τ− → π−η′ντ ), it is unclear
if a feasible cut on photon energy will be able to eliminate this background. In that case,
however, rejection appears possible taking advantage of the different kinematics of the three-
(signal) and four-body (background) decays. Our most important results are summarized in
table 2.
SCC bkg BR (no cuts) BR (Ecutγ > 100 MeV) BR SCC signal Bkg rejection
τ− → π−ηγντ (1.0± 0.3) · 10−4 (0.4± 0.1) · 10−5 ∼ 1.7 · 10−5 Yes
τ− → π−η′γντ (0.8± 0.2) · 10−5 (0.9± 0.3) · 10−6 [10−7, 10−6] No
Table 2: The main conclusions of our analysis are summarized: Our predicted branching
ratios for the τ− → π−η(′)γντ decays and the corresponding results when the cut Eγ > 100
MeV is applied. We also compare the latter results to the prediction for the corresponding
non-radiative decay (SCC signal) according to Ref. [16] and conclude if this cut is able to get
rid of the corresponding background in SCC searches.
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It is also interesting to note our finding that, within the RχL frame, a simplified descrip-
tion of these decays neglecting the two-resonance mediated contributions is a good approxi-
mation for branching ratios and decay spectra, which will ease the coding of the corresponding
form factors in the Monte Carlo generators. Finally, in τ− → π−ηγντ decays, we do not find
any signature corresponding to the a0(980) meson in the ηπ invariant mass distribution.
Therefore, an observation of such structure in the corresponding non-radiative decay would
be in accord with the prediction of Ref. [15] and disagree with the one in Ref. [16]. On
the contrary, the sharp peak predicted in the same spectrum at ∼ 1.4 GeV [16] should be
a distinctive feature of a dynamically generated scalar resonance prominent contribution in
the τ− → π−ηντ decays, testable with early data.
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Appendix A: Inner bremsstrahlung contributions
In this appendix we check that inner bremsstrahlung contributions can indeed be neglected
in our study. As we argued in the introduction, radiation off the external lines will be dou-
bly suppressed: by α (as it corresponds to the γ emission) and by G-parity violation (as
it happens with the non-radiative decay). Of course, this will no longer be true if photons
with extremely low energy are considered because of the well-known infrared singularity
(see for example section 7 of Ref. [82]). In order to study this question a threshold energy
for photon detection (Ethr) needs to be specified. We consider that 10 MeV is a realistic
value for it in a B-factory. In this way, photons with Eγ < Ethr will not be resolved and
will be included in the non-radiative decay rate (inclusive in low-energy photons). We want
to quantify the impact of detected inner bremsstrahlung photons in the radiative decay rates.
According to Low’s theorem, the expansion of the radiative amplitude at low photon
energies (Eγ = k) reads
Mγ = A
k
+B +O(k) , (68)
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where A and B are given in terms of the non-radiative amplitude, M0. In fact, one has
Mγ = −eM0
(
P · ǫ
P · k −
p · ǫ
p · k
)
+ ... (69)
In the previous equation, P (p) are the momenta of the charged particles τ−(π−) and only the
coupling to the electric charge is given (higher electromagnetic multipoles and O(k0) terms
are to be understood in ’...’ and are neglected since they will be subleading in the infrared
limit). In this approximation, one can estimate the leading Low contribution to the radiative
decay as (a bar over the matrix element stands for sum over polarizations)
|Mγ|2 = e2|M0|2
∑
γ pols.
∣∣∣P · ǫ
P · k −
p · ǫ
p · k
∣∣∣2 , (70)
where |M0|2 has to be evaluated using the kinematics of the radiative decay.
Using the M0 worked out in Ref. [16], we have evaluated the leading Low contribution
-as given by eq. (70)- to the radiative decay rates. The corresponding spectra (η and η′
decay modes) are given in figs. 22. The respective branching ratios (for Eγ > 10 MeV)
are ∼ 2.5 · 10−8 and ∼ 4.6 · 10−12, respectively. This suppression is larger than it could
be expected according only to the α and isospin suppressions mentioned at the beginning.
The additional suppression comes from the fact that the scalar form factors are very peaked
around mη(′)π ∼ 1.4 GeV [16], which dilutes the effect of the
∣∣∣ P ·ǫP ·k − p·ǫp·k ∣∣∣2 factor increasing
for low photon energies. Moreover, in the case of the η′ decay channel, also the vector form
factor is very suppressed, as the ρ(770) contribution is below the kinematical threshold for
the η′π− form factor. As a result of this, we see the characteristic damping of the inner-
bremsstrahlung spectra corresponding to a very smooth variation of the integrated effect of
the meson form factors.
Appendix B: Form factors results according to Reso-
nance Chiral Lagrangians
In this appendix we include the different contributions to the (axial-)vector form factors obtained using RχL.
Only the anomalous contribution was included in section 4.3. Here we explicitly quote the analytic expres-
sions for the model-dependent (resonant-mediated) contributions to these form factors following the order in
the figures. We start with fig. 4, giving rise to a1Ri=1,2,3,4 in RχL:
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Figure 20: The normalized photon spectra of the leading Low contributions to the BR(τ− →
η(′)π−ντγ) are plotted.
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2
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where c1256 ≡ c1 − c2 − c5 + 2c6 was used. Its value is fixed by eqs. (63).
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(72)
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(73)
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The two-resonance mediated contributions to the axial-vector form factors, corresponding to figs. 5, are
given in the following:
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F 2Da1 [(p+ p0 + k)
2]Da0 [(p+ p0)
2]
,
(75)
44
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1
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2]
,
(76)
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√
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,
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(78)
We will display separately the contributions from the last diagram in the first line of figure 5, due to the
length of the corresponding expressions.
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√
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√
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√
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2
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2
ηκ
A
12λ5−2p·p0Cqm2a1κA15λ5−2Cqm2a1m2ηκA15λ5−2Cqp40κA16λ5−6p·p0Cqm2ηκA16λ5−4 (p · p0) 2CqκA16λ5
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√
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− 2m2a1κA15λ2 − 4m2ηκA16λ2 + 2m2ηκA8 λ4 −m2a1κA15λ4 − 2m2ηκA16λ4 + 4m2ηκA8 λ5 − 2m2a1κA15λ5 − 4m2ηκA16λ5
+m2pi
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κA3 + κ
A
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A
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A
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A
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A
8 λ4 − κA16λ4 + 2κA8 λ5 − 2κA16λ5
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2p · p0Cqm2pim2a1λ1κA3 + 2Cqm2pim2a1m2ηλ1κA3 − (p · p0) 2Cqm2a1λ2κA3 − p · p0Cqm2a1m2ηλ2κA3 − 4Cqm2pip40κA8 λ1
− 4 (p · p0) 2Cqm2piκA8 λ1 − 8p · p0Cqm2pim2ηκA8 λ1 + 8Cqm4pim2a1κA9 λ1 + 4
√
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√
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√
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√
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10λ1 + 8Cqm
4
pim
2
a1κ
A
11λ1 − 4p · p0Cqm4piκA12λ1
− 4Cqm4pim2ηκA12λ1 + 2p · p0Cqm2pim2a1κA15λ1 + 2Cqm2pim2a1m2ηκA15λ1 + 2Cqm2pip40κA16λ1 + 4 (p · p0) 2Cqm2piκA16λ1
+6p·p0Cqm2pim2ηκA16λ1−2 (p · p0) 2Cqm2a1κA8 λ2−2p·p0Cqm2a1m2ηκA8 λ2−2 (p · p0) 2Cqm2ηκA8 λ2−2 (p · p0) 3CqκA8 λ2
+ 4
√
2p · p0Csm2Km2a1κA9 λ2 − 4p · p0Cqm2pim2a1κA9 λ2 − 2
√
2p · p0Csm2pim2a1κA9 λ2 + 2
√
2 (p · p0) 2Csm2KκA10λ2
− 2 (p · p0) 2Cqm2piκA10λ2 −
√
2 (p · p0) 2Csm2piκA10λ2 + 2
√
2p · p0Csm2Km2a1κA10λ2 − 2p · p0Cqm2pim2a1κA10λ2
−
√
2p · p0Csm2pim2a1κA10λ2 − 4p · p0Cqm2pim2a1κA11λ2 − 2 (p · p0) 2Cqm2piκA12λ2 − 2p · p0Cqm2pim2a1κA12λ2
− (p · p0) 2Cqm2a1κA15λ2 − p · p0Cqm2a1m2ηκA15λ2 + 2 (p · p0) 2Cqm2a1κA16λ2 + p · p0Cqm2a1m2ηκA16λ2
+ (p · p0) 2Cqm2ηκA16λ2 + 2 (p · p0) 3CqκA16λ2 + 2 (k · p0) 2p · p0Cq
(
κA16 − κA8
)
λ2
+m2pi
(
Cq
(
κA3 + κ
A
15 + κ
A
16
)
λ2 (p · p0) 2 +
(
2
√
2Cs
(
m2pi − 2m2K
)
λ2κ
A
9 + Cqm
2
η
(
κA3 + κ
A
15
)
λ2
+Cq
(
m2a1λ2κ
A
16 +m
2
pi
(−2λ1κA3 − 2κA15λ1 + 2κA16λ1 + 4κA9 λ2 + 4κA11λ2))) p · p0
−2m2pi
(
2
√
2Cs
(
m2pi − 2m2K
)
κA9 + 4Cqm
2
pi
(
κA9 + κ
A
11
)
+ Cqm
2
η
(
κA3 + κ
A
15 − κA16
))
λ1
)
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+k·p0
(
Cq
(
p · p0
(
κA3 + κ
A
15 + κ
A
16
)
λ2 − 2m2pi
(
κA3 + κ
A
15
)
λ1
)
m2pi + 2Cqm
2
pi
((
κA3 + κ
A
15
)
m2a1 + 2m
2
η
(
κA16 − κA8
))
λ1
+ 4 (p · p0) 2Cq
(
κA16 − κA8
)
λ2 + p · p0
(√
2Cs
(
2m2K −m2pi
)
λ2κ
A
10 + Cqm
2
η
(
κA16 − 2κA8
)
λ2
+Cq
(−2 (2λ1κA8 − 2κA16λ1 + (κA10 + κA12)λ2)m2pi −m2a1 (κA3 + 2κA8 + κA15 − 2κA16)λ2))))) , (79)
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W−→(a−
1
)η→pi−(ρ0)η→pi−γη
3 = +
8FV
F 2m2a1m
2
ρDa1 [(p+ k)
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2Cqm
2
a1m
2
ηλ2κ
A
3 − 2m2piCqm2ηλ2κA3 − 4k · pCqm2ηλ2κA3
+8Cqm
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A
10λ1+4
√
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4
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√
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2
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A
12λ1− 4Cqm2pim2a1κA16λ1− 4Cqm2pim2ηκA16λ1
+ 4Cqm
2
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2
ηκ
A
8 λ2 − 4k · pCqm2ηκA8 λ2 + 8
√
2m2piCsm
2
Kκ
A
9 λ2 + 16
√
2k · pCsm2KκA9 λ2 − 8m2piCqm2piκA9 λ2
− 16k · pCqm2piκA9 λ2 − 4
√
2m2piCsm
2
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9 λ2 − 8
√
2k · pCsm2piκA9 λ2 − 8
√
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2
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2
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pim
2
a1κ
A
9 λ2
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√
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2
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A
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√
2k · pCsm2KκA10λ2− 4k · pCqm2piκA10λ2− 2
√
2k · pCsm2piκA10λ2− 4
√
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2
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2
a1κ
A
10λ2
+ 4Cqm
2
pim
2
a1κ
A
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√
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2
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A
10λ2 − 8m2piCqm2piκA11λ2 − 16k · pCqm2piκA11λ2 + 8Cqm2pim2a1κA11λ2
−4k·pCqm2piκA12λ2+4Cqm2pim2a1κA12λ2+2Cqm2a1m2ηκA15λ2−2m2piCqm2ηκA15λ2−4k·pCqm2ηκA15λ2−2m2piCqm2a1κA16λ2
− 2k · pCqm2a1κA16λ2 − 2Cqm2a1m2ηκA16λ2 + 2k · pCqm2ηκA16λ2 + 4 (k · p0) 2Cq
(
κA8 − κA16
)
λ2
+4 (p · p0) 2Cq
(
κA8 − κA16
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λ2−2k ·pCqm2ηκA8 λ4+2
√
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√
2k ·pCsm2piκA10λ4
− 2k · pCqm2piκA12λ4 + k · pCqm2a1κA16λ4 + k · pCqm2ηκA16λ4 − 4k · pCqm2ηκA8 λ5 + 4
√
2k · pCsm2KκA10λ5
− 4k · pCqm2piκA10λ5 − 2
√
2k · pCsm2piκA10λ5 − 4k · pCqm2piκA12λ5 + 2k · pCqm2a1κA16λ5 + 2k · pCqm2ηκA16λ5
+ 8Cqm
2
pim
2
ηκ
A
8 λ1 + 2p · p0
(
Cq
(− (m2pi −m2a1 + 2k · p)λ2κA3 + 2m2a1κA8 λ2 + 2m2ηκA8 λ2
− 2k · pκA8 λ2 −m2piκA15λ2 +m2a1κA15λ2 − 2k · pκA15λ2 −m2piκA16λ2 − 2m2a1κA16λ2 −m2ηκA16λ2
+2m2pi
(
2λ1κ
A
8 − 2κA16λ1 +
(
κA10 + κ
A
12
)
λ2
)− k · pκA8 λ4 + k · pκA16λ4 − 2k · pκA8 λ5 + 2k · pκA16λ5)
−
√
2Cs
(
2m2K −m2pi
)
κA10λ2
)
+2k·p0
(
Cq
(− (m2pi −m2a1 + 2k · p)λ2κA3 + 2m2a1κA8 λ2 + 2m2ηκA8 λ2 − 2k · pκA8 λ2
+ 4p · p0κA8 λ2 −m2piκA15λ2 +m2a1κA15λ2 − 2k · pκA15λ2 −m2piκA16λ2 − 2m2a1κA16λ2 −m2ηκA16λ2 − 4p · p0κA16λ2
+2m2pi
(
2λ1κ
A
8 − 2κA16λ1 +
(
κA10 + κ
A
12
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λ2
)− k · pκA8 λ4 + k · pκA16λ4 − 2k · pκA8 λ5 + 2k · pκA16λ5)
−
√
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(
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κA10λ2
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, (80)
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a
W−→(a−
1
)η→pi−(ρ0)η→pi−γη
4 = +
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F 2m2a1m
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(− (p · p0)m2a1λ2κA3 +m2pim2ηλ2κA3 −m2a1m2ηλ2κA3
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− 2p · p0m2a1κA8 λ2 − 2m2a1m2ηκA8 λ2 − 2p · p0m2ηκA8 λ2 + 2m2pik · pκA8 λ2 − p · p0m2a1κA15λ2 +m2pim2ηκA15λ2
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. (81)
We turn now to the vector factors, with the one-resonance exchange contributions (fig. 6) listed next:
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)
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(82)
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Finally, we will give the two-resonance mediated contributions to the vector form factors (figure 7):
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(−d3 + d4 + d12)m2η + (k · p0 + p · p0) (d3 + d4) + 8d2
(
m2pi −m2η
))
+ 2k · p0
(
(c5 + c7) (d3 + d4)
(
m2ρ −m2pi
)
m2pi + p · p0d3
(
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m2pi(d1 + 8d2 + d3 + 2d4)− d4m2ρ
)
+ p · p0
(
2c5
(
m2pi(d1 + 8d2 + d3 + 2d4)− d4m2ρ
)
+ 2c7d1m
2
pi + 16c7d2m
2
pi
+c1256d3m
2
ρ + 2c7d3m
2
pi + 8c3d4
(
m2pi −m2η
)− 2c7d4m2ρ + 4c7d4m2pi))
+m2pi
(
m2pi −m2ρ
)
(d1 + 8d2 + d3 + d4)
(
(c5 + c7) k · p0 + (c5 + c7)m2η + 4c3
(
m2pi −m2η
))
+
1
2
p·p0
(
8c3
(
m2pi −m2η
) (
m2pi(d1 + 8d2 + d3 + d4)− (d3 + d4)m2ρ
)
+m2pi
(
2c5
(
m2pi −m2ρ
)
(d1 + 8d2 + d3 + d4)
+2c7
(
m2pi −m2ρ
)
(d1 + 8d2 + d3 + d4) + c1256(−(d1 + 8d2))m2ρ
))
+4d4(k · p)2
(
(c5 + c7) k · p0 − 4c3m2η + c5m2η + c7m2η + 4c3m2pi + (c5 + c7) p · p0
))
+
√
2F 2V Cq
3F 2m2ρm
2
ωDρ[(p+ p0 + k)
2]
(
2k · p0 +m2η +m2ρ + 2p · p0
)
((
λVV3 + λ
VV
4 + 2λ
VV
5
) (
k · p0 +m2η + p · p0
)
+ 4m2piλ
VV
6 + 4p · p0
(
λVV1 + λ
VV
2
))
,
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where d12 ≡ d1 + 8d2 is fixed by the short-distance constraints (63).
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v2R2 =
8FV Cq
3F 2MVm2ωDρ[(p+ p0 + k)
2]Dω[(p0 + k)2]
(
8c3d3m
2
ωm
4
pi − 8c3d4m2ωm4pi + 8c3d12m2ωm4pi − 8p · p0c3d12m4pi
+ 64p · p0c3d2m2ωm2pi − 16p · p0c5d2m2ωm2pi + 8p · p0c3d3m2ωm2pi − 8p · p0c3d4m2ωm2pi − 8p · p0c3d12m2ωm2pi
− 2p · p0c7d12m2ωm2pi + p · p0c1256d12m2ωm2pi + 8p · p0c3 (d12 − 8d2)m2ωm2pi − 2p · p0c5 (d12 − 8d2)m2ωm2pi
+ 16 (p · p0) 2c3d3m2pi − 2 (4c3 + c5 + c7)
(
p · p0 (d3 + d4)− (d3 − d4 + d12)m2pi
)
m4η + 4 (p · p0) 2c5d3m2ω
+ 4 (p · p0) 2c7d3m2ω − 2 (p · p0) 2c1256d3m2ω + 8 (k · p0) 2 (c5 + c7)
(
(d3 − d4 + d12)m2pi − p · p0 (d3 + d4)
)
+2m2η
(−2 (4c3 + c5 + c7) d3 (p · p0) 2 + (((c5 + c7) d12 + 4c3 (d3 + d4 + d12))m2pi + ((−4c3 + c5 + c7 − c1256) d3
+(4c3 + c5 + c7) d4)m
2
ω
)
p · p0 − (d3 − d4 + d12)m2pi
(
4c3m
2
pi + (4c3 + c5 + c7)m
2
ω
))
+ 4k · p0
(−2 (c5 + c7) d3 (p · p0) 2 + (((c5 + c7 − c1256) d3 + (c5 + c7) d4)m2ω + 4c3 (d3 + d4) (m2pi −m2η)
+(c5 + c7)
(
d12m
2
pi − 2 (d3 + d4)m2η
))
p · p0 + (d3 − d4 + d12)m2pi
(
4c3
(
m2η −m2pi
)
+ (c5 + c7)
(
2m2η −m2ω
)))
+ 2k · p (−4 (c5 + c7) (d3 + d4) (k · p0) 2 + 2 ((d3 + d4) (4c3m2pi − 2 (2c3 + c5 + c7)m2η + (c5 + c7)m2ω)
−2p · p0 (c5 + c7) d3) k · p0 + (d3 + d4)
(
4c3m
2
pi − (4c3 + c5 + c7)m2η
) (
m2η −m2ω
)
+p · p0d3
(
8c3m
2
pi − 2 (4c3 + c5 + c7)m2η + (2 (c5 + c7)− c1256)m2ω
)))
− 8FV Cq
3F 2MVm2ρDρ[(p+ p0 + k)
2]Dρ[(p+ k)2](
4(k · p)2 (c1256d3m2ρ − (c5 + c7) (2d3 (k · p0 + p · p0) + (d12 − 8d2)m2η + 8d2m2pi))
+ k · p (m2ρ (2 (2 (c5 + c7) + c1256) d3 (k · p0 + p · p0)− (2 (c5 + c7) + c1256) (8d2 − d12)m2η
+2m2pi (4 (2 (c5 + c7) + c1256) d2 + 3c1256d3)
)− 2 (c5 + c7)m2pi (2d3 (k · p0 + p · p0) + (d12 − 8d2)m2η + 8d2m2pi))
+c1256m
2
pim
2
ρ
(
2d3
(
k · p0 +m2pi + p · p0
)
+ (d12 − 8d2)m2η + 8d2m2pi
))
+
8FV Cqλ
SV
3
3F 2Dρ[(p+ p0 + k)2]Da0 [(p+ p0)
2]
(
cdp · p0 + cmm2pi
)
− 8FV Cq
3F 2MVm2ρm
2
ωDρ[(p+ k)
2]
(
k · p (8c3 (m2pi −m2η) (m2pi(d1 + 8d2 + d3 + d4) + (d3 − d4)m2ρ)
+c1256m
2
pim
2
ρ(d1 + 8d2 − 2d3)
)
+m2pi(d1 + 8d2)m
2
ρ
(
c1256m
2
pi − 8c3
(
m2pi −m2η
))
+2(k · p)2 (8c3d4 (m2pi −m2η)− c1256d3m2ρ))
+
√
2F 2V Cq
3F 2m2ρm
2
ωDρ[(p+ p0 + k)
2]
(
2k · p0 +m2η +m2ρ + 2p · p0
)
((
λVV3 + λ
VV
4 + 2λ
VV
5
) (
k · p+m2pi + p · p0
)
+ 4m2piλ
VV
6 + 4p · p0
(
λVV1 + λ
VV
2
))
,
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v2R3 = −
16FV Cq(d3 − d4)
3F 2MVm2ωDρ[(p+ p0 + k)
2]Dω[(p0 + k)2]
(
4c3(m
2
pi −m2η)− (c5 + c5)(2k · p0 +m2η)
)
(m2ω−m2η−2k·p0)
+
16FV Cq
3F 2MVm2ρDρ[(p+ p0 + k)
2]Dρ[(p+ k)2]
(
m2ρ
2
(2d3 (c1256 (2k · p+ k · p0 + p · p0)
−2 (c5 + c7) (k · p0 + p · p0)) + (2 (c5 + c7)− c1256) (8d2 − d12)m2η + 2m2pi (4 (c1256 − 2 (c5 + c7)) d2 + c1256d3)
)
+(c5 + c7)
(
2k · p+m2pi
) (
2d3 (k · p0 + p · p0) + (d12 − 8d2)m2η + 8d2m2pi
) )
− 8FV Cq
3F 2MVm2ρm
2
ωDρ[(p+ k)
2]
(
8c3
(
m2pi −m2η
) (
m2pi(d1 + 8d2 + d3 + d4)− (d3 + d4)m2ρ
)
+c1256m
2
pi(−(d1 + 8d2))m2ρ + 2k · p
(
c1256d3m
2
ρ + 8c3d4
(
m2pi −m2η
)))
−
√
2F 2V Cq
3F 2m2ρm
2
ωDρ[(p+ p0 + k)
2]
(
λVV3 + λ
VV
4 + 2λ
VV
5
) (
2k · p0 +m2η +m2ρ + 2p · p0
)
,
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v2R4 =
16FV Cq(d3 − d4)
3F 2MVm2ωDρ[(p+ p0 + k)
2]Dω[(p0 + k)2]
(
1
2
m2ω (4c1256d3k · p0 + 2 (c1256 − 2 (c5 + c7)) d3k · p
+2 (8c3 + c1256) d3m
2
η − 16c3d3m2pi + 2c5d12m2pi + 2c7d12m2pi − c1256d12m2pi + 2 (c1256 − 2 (c5 + c7)) d3p · p0
)
+
(
2d3 (k · p+ p · p0)− d12m2pi
) (
(c5 + c7)
(
2k · p0 +m2η
)
+ 4c3
(
m2η −m2pi
)) )
− 16FV Cq (c5 + c7) (d3 − d4)
3F 2MVm2ρDρ[(p+ p0 + k)
2]Dρ[(p+ k)2]
(
2k · p+m2pi
) (
2k · p−m2ρ +m2pi
)
+
16FV Cq (c5 + c7)
3F 2MVm2ρm
2
ωDρ[(p+ k)
2]
(−2k · p+m2ρ −m2pi) (m2pi(d1 + 8d2 + d3 + d4) + 2d4k · p)
+
√
2F 2V Cq
3F 2m2ρm
2
ωDρ[(p+ p0 + k)
2]
(
λVV3 + λ
VV
4 + 2λ
VV
5
) (
2k · p0 +m2η +m2ρ + 2p · p0
)
.
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Appendix C: Off-shell width of meson resonances
For completeness we explain in this appendix the expressions that we have used for the off-shell width of
meson resonances relevant to our study. The ρ(770) width is basically driven by Chiral Perturbation Theory
results
Γρ(s) =
sMρ
96πF 2
[
σ3/2pi (s)θ(s − 4m2pi) +
1
2
σ
3/2
K (s)θ(s − 4m2K)
]
, (90)
where σP (s) =
√
1− 4m2Ps and we note that the definition of the vector meson width is independent of the
realization of the spin-one fields [80]. Given the narrow character of the ω(782) resonance the off-shellness
of its width can be neglected. A similar comment would apply to the φ(1020) meson, although it does not
contribute to the considered processes in the ideal-mixing scheme for the ω−φ mesons that we are following.
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The a1(1260) meson energy-dependent width was derived in Ref. [29] applying the Cutkosky rules to the
analytical results for the form factors into 3π [29] and KKπ channels [66] that are the main contributions
to this width. Since its computation requires the time-consuming numerical calculation of the corresponding
correlator over phase-space, we computed Γa1(s) at 800 values of s and use linear interpolation to obtain the
width function at intermediate values.
Finally, the a0(980) meson is also needed as an input in the analyses. We have used the functional
dependence advocated in eqs. (19) and (20) of Ref. [16] which take into account the main absorptive parts
given by the πη, KK¯ and πη′ cuts. The very low-energy (G-parity violating) ππ cut has been neglected.
We point out that we are considering only the imaginary parts of the meson-meson loop functions giving
rise to the resonance widths. On the contrary, we are disregarding the corresponding real parts. Although
this procedure violates analyticity at NNLO in the chiral expansion, the numerical impact of this violation
is negligible (see e.g. Ref. [81]) and, for simplicity, we take this simplified approach in our study.
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